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Abstract 

For a closed d- dimensional subvariety X of an abelian variety A and a 
canonically metrized line bundle L on A, Chambert-Loir has introduced mea- 
sures ci(L|x)^'^ on the Berkovich analytic space associated to A with respect 
to the discrete valuation of the ground field. In this paper, we give an explicit 
description of these canonical measures in terms of convex geometry. We use a 
generalization of the tropicalization related to the Raynaud extension of A and 
Mumford's construction. The results have applications to the equidistribution 
of small points. 

1 Introduction 

Let K he a field with a discrete valuation v, valuation ring K° and residue field 
K. We denote the completion of the algebraic closure of the completion of K by 
K. This algebraically closed complete field is used for analytic considerations on 
algebraic varieties defined over K. For the analytic facts, we refer to §2. 

In non-archimedean analysis, there is no analogue known for the first Chern 
form of a metrized line bundle. However, Chambert-Loir [Chj has introduced mea- 
sures ci(Li) A ■ • ■ A ci(Ld) on the Berkovich analytic space X™ associated to a 
d-dimensional projective variety X. The analogy to the corresponding forms in 
differential geometry comes from Arakelov geometry. These measures are best un- 
derstood in case of metrics induced by line bundles .jSfi,...,^^ on a projective 
iir°-model ^ of X, with generic fibres Li, . . . , Ld- In this standard situation from 
Arakelov geometry, ci(Li) A • • • Aci(Ld) is a discrete measure on X™ with support 
and multiplicities determined by the irreducible components of ^ and their degrees 
with respect to . . . ,^d- However, the canonical metric on an ample line bundle 
of an abelian variety A over K is given by such models only if A has potential good 
reduction. In general, a variation of Tate's limit argument shows that the canonical 
metric is a uniform limit of roots of model metrics and hence the corresponding 
canonical measure is given as a limit of discrete measures. We recall the theory of 
Chambert-Loir's measures in §3. 

We consider an irreducible d-dimensional closed subvariety X of the abelian 
variety A. Using the Raynaud extension of A, there is a complete lattice A in K" 
and a map val : M"/A, where n is the torus rank of A. We call val(X™) 

the tropical variety associated to X. This analytic analogue of tropical algebraic 
geometry is described in §4. Let b be the dimension of the abelian part of good 
reduction in the Raynaud extension of A and hence dini(A) ~ b + n. For a simplex 
A in R", we denote by S-^ the Dirac measure in A, i.e. the pushforward of the 
Lebesgue measure on A to M^/A. The main result of this paper is the following 
explicit description of canonical measures in terms of convex geometry: 
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Theorem 1.1 There are rational simplices Ai, . . . A^r in R"/A with the following 
properties: 

(a) For j = 1, . . . ,N, we have dim(Aj) e {d ~ b, . . . ,d}. 



(c) For canonically metrized line bundles Li, . . . on A, there are Vj e R with 



(d) If all line bundles in (c) are ample, then rj > for j G {1, . . . , N}. 

Erratum: In the preprint version |Gu7j of this paper, it was claimed that the 
tropical variety va^X**") is of pure dimension. However the referee has found a gap 
in the argument (see l4.1b1) and so this question remains open. As a consequence, in 
Theorem 1.2 of |Gu6j . one should omit to claim that the tropical variety is of pure 
dimension. All other claims remain valid. 

Theorem 11.11 was proved in [Gu4| for abelian varieties which arc totally degen- 
erate at the place v. This special case is equivalent to 6 = which makes the 
arguments easier. In particular, the tropical variety val(Ar™) is of pure dimension 
d. In the general case, we can still show in Theorem 14.151 that the tropical variety 
val(A''*") is a polytopal set with the above properties (a) and (b). The most serious 
problem is that the tropical dimension may be strictly smaller than d. This leads to 
the unpleasant fact that the canonical measure in Theorem ll.lf c) may have singular 
parts in lower dimensions which is in sharp contrast to the totally degenerate case. 

Using a semistable alteration, we will give in §6 an explicit description of the 
canonical measure ci{Li\x) A • ■ • A ci{Ld\x) on X^" in terms of convex geometry. 
It relies on our study of Mumford models of A in §4 and on the properties of 
the skeleton of the strictly semistable model from the alteration given in §5. A 
Mumford model is associated to a rational A-periodic polytopal decomposition of 
R" such that the reduction modulo v brings toric varieties and convex geometry 
into play. In Theorem 16.121 we show that the support of this canonical measure is 
a canonical subset of X**" which does not depend on the choice of the ample line 
bundles Lj and which has a canonical piecewise linear structure. Finally, the proof 
of Theorem 11.11 will be finished in §7 and we will show in 2 examples how these 
canonical measures can look like. In the appendix, we study building blocks of 
strongly non-degenerate strictly pluristable formal models. This is the background 
for the generalization of our results in §5 to such models which is required only in 
the proof of Theorem 16.121 

Theorem 11.11 has the following application to diophantine geometry. Let K be 
either a number field or the function field of an irreducible projective variety B of 
positive dimension over a field k. In the latter case, we assume that B is regular in 
codimension 1 and we count the prime divisors v oi B with multiplicity deg^{v) for 
a fixed ample class c on B. In any case, K satisfies the product formula and hence 
we get absolute heights on projective varieties over K (see jBoGu] ). In particular, 
we have the Neron-Tate height h on the abelian variety A with respect to a fixed 
ample symmetric line bundle L. Note that h is a positive semi-definite quadratic 
form on A{K) and hence defines a semi-distance. By Arakelov geometry, there is 
an extension of the Neron-Tate height to all closed subvarieties of A defined over 
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Let X be an irreducible d-dimensional closed subvariety of the abelian variety 
A over K. We choose a small generic net {Pm)mei in ^{K). Here, small means 

\im.h{Pm) = ^ ^ 



(d+l)degi(X) 



and generic means that for every proper closed subset Y oi X, there is mo € I such 
that Pm ^ Y for all m > mo. The absolute Galois group G :— Ga,l{K / K) acts on 
X{K) and 0{Pm) denotes the orbit of Pm- 

We fix a discrete valuation v on. K and we form and the tropical variety 
val(X^") with respect to v. We fix an embedding K ^ to identify A{K) with 
a subset of A^'^. On val{X^"), we consider the discrete probability measures 



Tropical equidistribution theorem There is a regular probability measure v on 
M" with support equal to the tropical variety val(X^") such that Vm v as a weak 
limit of Borel measures. More precisely, if we endow L with a canonical metric 
II ||„, then we have v^degL{X)-^^Ucimx,\\ ||J)^'^). 

Note that this statement is only useful if we have the positivity of v from the 
explicit description in Theorem ll.il The tropical equidistribution theorem follows 
from the equidistribution theorem 



on X'^^. For an archimedean place w of a number field K and for a metrized ample 
line bundle with positive curvature on a smooth projective variety, equidistribution 
(HI) was proved by Szpiro-UUmo-Zhang [SUZj . This was generalized by Yuan ( |Yu| . 
Theorem 5.1) to semipositively metrized ample line bundles on projective varieties 
over a number field and also to non-archimedean places. In [Gu6 , Theorem 1.1, 
Yuan's generalization was proved in the function field case. 

The potential applications of the tropical equidistribution theorem are related 
to the Bogomolov conjecture. The latter claims that the Neron-Tate height has a 
positive lower bound on X{K) outside an explicit exceptional set. In the number 
field case, the Bogomolov conjecture was proved by UUmo [Ulj for curves and by 
Zhang [Zhj in general. The main tool was the archimedean version of ((T|). For 
function fields, the Bogomolov conjecture is still open. In |Gu5| . it was proved 
for abelian varieties which are totally degenerate with respect to a place v. The 
proof relied on the tropical equidistribution theorem for totally degenerate abelian 
varieties ( |Gu5| . Theorem 5.5). For an arbitrary abelian variety, it is clear that the 
tropical equidistribution theorem can not imply the Bogomolov conjecture since 
the dimension of the tropical variety may decrease. However, it is plausible that 
it can be used once the case of abelian varieties with everywhere good reduction is 
understood. 

Terminology 

In A d A may be equal to B. The complement of A in B is denoted hy B\A 
. The zero is included in N and in M+ . 

All occuring rings and algebras are commutative with 1. If A is such a ring, 
then the group of multiplicative units is denoted hy A^ . A variety over a field is a 
separated reduced scheme of finite type over that field. However, a formal analytic 
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variety is not necessarily reduced (see §2). For the degree of a map f : X ^ Y oi 
irreducible varieties, we use either deg(/) or [X -.Y]. 

Let y be a variety over a field. Following jBer4j . §2, we use the following 
canonical stratification of F. We start with := Y. For r e N, let c F'''^ 

be the complement of the set of normal points in Y^"^"^ . Since the set of normal points 
is open and dense, we get a chain of closed subsets: 

The irreducible components of y'''' \ are called the strata of Y. The set of 

strata is denoted by str(y). It is partially ordered by S* < T if and only if S" C T. 
A strata subset is a union of stratas. A strata cycle is a cycle whose components are 
strata subsets. 

For m e Z", let x"" x™^ • • • x™" and |m| := nii + ■ ■ ■ + nin- The standard 
scalar product of u, u' G M" is denoted by u • u' := uiu[ + • • • + m„u^. For the 
notation used from convex geometry, we refer to 14.41 

The author thanks Vladimir Berkovich for answering a question related to the proof 
of Theorem l6.12l and the referee for his precious comments and suggestions. 



2 Analytic and formal geometry 

In this section, we recall results from Berkovich analytic spaces and formal geometry. 
Our base field K is algebraically closed with a non-trivial non-archimedean complete 
absolute value | | , valuation ring K° and residue field K. 

2.1 The Tate algebra K(a;i , . . . , a;„) is the completion of K[a;i , . . . , x„] with respect 
to the Gauss norm. Its elements are the power series in the variables xi, . . . ,a;„ 
with coefficients am G K such that |am| — > for mi + • • ■ + to„ — > oo. A ¥^-affinoid 
algebra si is isomorphic to K(a;i, . . . for some ideal / in K(a;i, . . . The 
maximal spectrum Max(^) corresponds to the zero set of / in the closed unit ball 
B" := {x e K" I maxj \xj\ < 1}. The supremum semi-norm of si/ on Ma,x{s/) is 
denoted by | |sup- We define 

s/° -.^{aes/l \a\sup < 1}, s/°° ■.= {ae.s/\ \a\snp < 1} 

and the finitely generated reduced K-algebra s/ := s/° /s/°° (see |BGR] V 

2.2 For an affinoid algebra s/, the Berkovich spectrum X = ^(s/) is the set 
of semi-norms p on ^ with p{ah) = p(a)p{b), p{l) = 1 and p{a) < \a\snp for all 
a,b ^ s/. We use the coarsest topology on X such that the maps p t-^ p{a) are 
continuous for all a S s/. The afhne K-variety X = S'pec{s/) is called the reduction 
of X. The reduction map X ^ X , p i-^ p := {p < l}/s/°°, is surjective. If Y is an 
irreducible component of X, then there is a unique G X with S.Y equal to the 
generic point of Y. For details, we refer to [Berl] . Note that our definition of an 
affinoid algebra is the same as in [BGRj . but Berkovich calls them strictly affinoid 
algebras. 

2.3 A rational subdomain of X := .^(s/) is defined by 




:= {x e X \\f,{x)\ < |g(x)|, j = 



where g, fi, . . . , fr €z s/ are without common zero. It is the Berkovich spectrum of 
the afRnoid algebra 

^ := K(x,j/i, . . . ,yr)/{I,g{x)yj - | j = 1, . . . ,r}. 
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where we use the description jz/ = K(x)// from l2.1[ 

More generally, one defines an ajfinoid subdomain of X as the Berkovich spec- 
trum of an affinoid algebra characterized by a certain universal property (see [BGR] , 
7.2.2). By a theorem of Gerritzen and Grauert, an affinoid subdomain is a finite 
union of rational domains. For more details, we refer to [BGR] , Chapter 7, and 
[BiET], §2.2. 

2.4 An analytic space X over K is given by an atlas of affinoid subdomains U — 
^(sz/). For the precise definition, we refer to [Ber2] . §1 (where they are called 
strictly analytic spaces). 

2.5 The formal topology on X = ^(.s/) is given by the preimages of the open 
subsets of X with respect to the reduction map. This quasi-compact topology is 
generated by affinoid subdomains and hence we get a canonical ringed space called 
a formal affinoid variety over IK which we denote by Spf(j2/). By definition, a 
morphism of affinoid varieties over IK is induced by a reverse homomorphism of the 
corresponding K-affinoid algebras (see |Bo] for details). 

A formal analytic variety over IK is a K-ringed space X which has a locally finite 
open atlas of formal affinoid varieties Spf(^) over K called a, formal affinoid atlas. 
The generic fibre X™ (resp. the reduction X) is locally given by ^{^/i) (resp. 
Spec(^i)). Bv l2.21 we get a surjective reduction map X™ ^ X, x x. For every 
irreducible component Y, there is a unique G X^" such that S.Y is the generic 
point of Y. 

2.6 An admissible K° -algebra is a K°-algebra A without K°-torsion which is iso- 
morphic to K°(a;i, . . . , Xn) / 1 for an ideal /. An admissible formal scheme 3(y over 
IK° is a formal scheme over K° which has a locally finite atlas of open subsets Spf (A^) 
for admissible IK°-algebras Ai (see I ?!.:{, . ^BL4^ for details). 

The special fibre of J?r is a scheme over K locally given by Spec(Ai). ft is 
locally of finite type over K and not necessarily reduced. The latter is in sharp 
contrast to the reduction of formal analytic varieties. These categories are related 
by the following functors: 

The formal analytic variety associated to is locally given by Spf(j2/i) 

for the affinoid algebra M := Ai (g)K° K. The canonical morphism (,^^~^'^)"^ 3C 
is finite and surjective (see [BLlj . §1). 

The generic fibre of ^^"'^'^ is also called the generic fibre of and is denoted by 
S"^". Note that SC:^-"""^ and JT^" are equal as a set but has a finer topology. 
Using composition of the reduction map for .^^T^ ~™ (see 12.51) with the canonical 
morphism above, we get a surjective reduction map tt : <^^" — > ^ . 

If X is a formal analytic variety over IK given by the formal affinoid atlas Spf(i2^i), 
then the associated formal scheme X^"'''^'^ is locally given by Spf(^°). 

It is often useful to fiip between formal analytic varieties over K and admissible 
formal schemes over K°. This is possible because the functors ^ — > and 
X X^^'^'^'^ give an equivalence between the category of admissible formal schemes 
over K° with reduced special fibre and the category of reduced formal analytic 
varieties over K. Moreover, the canonical map (^^~''")~ — » ^ is an isomorphism. 
For details, see [BLT] . §1, and [GuT], §1. 

2.7 For a scheme X of finite type over a subfield of K, there is an analytic space 
j^an Q.^gj. ^ associated to X. The construction is similar as for complex varieties. 
Moreover, most algebraic properties hold also analytically and conversely, there is 
a GAGA principle. For details, we refer to [Berl] . 3.4. 

If A" is a a fiat scheme of finite type over the valuation ring K° with generic 
fibre X, then the associated formal scheme X over K° is obtained by the 7r-adic 
completion of X for any tt G K with |7r| < 1. The special fibre of X is the base 



3 CHAMBERT-LOIR'S MEASURES 



6 



change of the special fibre of X to K. The generic fibre X^^^ is an analytic subdomain 
of X^" such that i'""(K) = X{K°). If A" is proper over K°, then i"^" = X^". For 
details, we refer to [Gu4j . 2.7. 

For convenience of the reader, we summarize here the notational policy of the 
paper: X denotes a fiat algebraic scheme over K°, ^ is used for an admissible 
formal scheme over K° and X denotes a formal analytic variety over K. The generic 
fibre in either case is usually denoted by X. 

3 Chambert-Loir's measures 

In this section, K denotes an algebraically closed field which is complete with respect 
to the non-trivial non-archimedean absolute value | |. Let i^T be a subfield of K 
such that the valuation v := — log | | restricts to a discrete valuation on K. We 
will assume, as in our applications later on, that varieties are defined over K and 
we will perform analytic considerations over K using [^771 

First, we will characterize admissible metrics on a line bundle by their fun- 
damental properties. As in Arakelov geometry, metrics associated to IK°-models 
are admissible and we want to include also canonical metrics on an abelian variety. 
Then we will recall the basic properties of Chambert-Loir's measures with respect to 
line bundles endowed with admissible metrics. These analogues of top-dimensional 
wedge products of first Chern forms were introduced in [Chj and later generalized 
in [Gu4]. 

3.1 We recall some facts about metrics on line bundles. Let X be a proper scheme 
over K and let L be a line bundle on X. We consider metrics 1| ||, || ||' on L which 
are continuous with respect to the analytic topology on L**". Then we have the 

distance of uniform convergence 

d{\\ 11,11 11'):= sup |log(P(x)l|/P(x)|r)|. 

The definition is independent of the choice of a non-zero s{x) G L^- 

3.2 A formal K° -model of X is an admissible formal scheme over K° together with 
an isomorphism ^'^^ = X'^'^. A formal K° -model of L on ^ is a. line bundle Jif on 
^ together with an isomorphism jSf*^" = i^". 

For notational simplicity, we usally ignore the isomorphism between the generic 
fibre jr^" and X'^". We simply identify S''^" with X""^. 

An algebraic model X oi X over the discrete valuation ring K° of K is a scheme 
X which is flat and proper over K° and which has generic fibre (isomorphic to) X. 
We will also use formal K°-models for analytic spaces and line bundles in the same 
sense as above. 

Example 3.3 If ^ is a formal IK°-model of L on ^ , then the associated formal 
metric \\ \\^ on L is defined in the following way: If ^ is a formal trivialization of ^ 
and if s e V{'^ ,J^) is corresponding to 7 e ^^('^), then l|s(a;)|| = |7(a;)| on 
Obviously, || \\^ is continuous and independent of the choice of the trivialization. 
By 12.71 every algebraic model of L over K° induces a formal IK°-model and hence 
an associated formal metric. 

Proposition 3.4 For every line bundle L on a proper scheme X over K , there is 
a set 0^(i) of continuous metrics on L^^^ with the following properties: 

(o-) V II \\i a Qx{Li)-metric for i — 1,2, then \\ \\^ ® || \\^ is a ® L2)- 

metric. 
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(h) for any 71 S N\ {0}, a metric II || on L is a q^{L)- metric if and only if \\ \\ " 
is a Q^{L)®''^ -metric. 

(c) If If : Y X is a morphism of proper schemes over K and \\ \\ is a q^[L)- 
metric, then (p*\\ \\ is a Qyiv* L)- metric. 

(d) If f is also surjective and \\ \\ is any metric on L such thatip*\\ \\ is a Qyiv* 
metric, then \\ \\ is a q^{L) -metric. 

(e) The set q^{L) is closed with respect to uniform convergence. 

(f) If is a formal K° -model of L with numerically effective reduction J^', then 
the associated formal metric \\ \\^ is in q^[L). 

Proof: See |Gu3j . Remark 10.3 and Proposition 10.4. □ 

3.5 Taking the intersection over all possible q\{L) in Proposition 13.41 we get a 
smallest set of continuous metrics on L^" satisfying the properties of Proposition 
13.41 Such a metric is called a semipositive admissible metric. A (continuous) metric 
II II on L*^" is called an admissible metric if and only if there is a surjective morphism 
(fi : X' X oi proper schemes over K, line bundles M, N on X' with f*{L) = 
MC^TV^-*^ and semipositive admissible metrics II ||j^, || on Af, such that (/3* || || — 

II lll/ll Il2- 

Proposition 3.6 Admissible metrics of line bundles on a proper scheme X over 
K have the following properties: 

(a) The tensor product of admissible metrics is again admissible. 

(b) The dual metric of an admissible metric is admissible. 

(c) The pull-back of an admissible metric with respect to a morphism if : Y ^ X 
of proper schemes over K is an admissible metric. 

(d) Every formal metric is admissible. 

Proof: The base change of a proper surjective morphism is again proper and 
surjective which proves easily (a) and (c). Property (b) is trivial and (d) follows 
from [Gu3| . Proposition 10.4. □ 

Example 3.7 Let L be a line bundle on an abelian variety A over K. We will 
define a canonical metric on L and then we will show that it is admissible. 

We choose a rigidification p of L, i.e. p G Lo{K) \ {0}. We assume first that L 
is even. Then the theorem of the cube yields a canonical identification [m]*(L) = 
j^®m q£ rigidified line bundles for every m G Z. There is a unique bounded metric 
II lip on L such that for all m G Z, we have [to]*|| \\p = \\ ||p™ . In fact, a variation 
of Tate's limit argument shows that 

II ||p= hm [m]*|| f ^ (2) 

for every continuous metric || || on L^'^ (see |BoGu| . Theorem 10.5.7). If L is odd, 
then the same applies with replaced by m. Since any line bundle on A is the 
tensor product of an even one with an odd one, unique up to 2-torsion, we get a 
canonical metric || ||p on every rigidified line bundle {L,p) of A. 

A metric || || on i is said to be canonical if there is a rigidification p of L such 
that II II is equal to || H^. A canonical metric is unique up to positive rational 
multiples ( [BoGuj . Remark 9.5.9) and we usually denote it by || ||can- We claim 
that II 1 1 can is admissible. 
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To see this, we assume first that L is ample and even. By Proposition I3.4r fl 
there is a semipositive admissible metric || || on L. Then Proposition [33Ub) and ([2]) 
yield that || ||can is a semipositive admissible metric. If L is just even, then there 
are ample even line bundles M, on ^ with L = M ® N^^ and we deduce that 
II 1 1 can is admissible from the special case above and from Proposition 13. 61 

If L is odd, then L is algebraically equivalent to 0. By definition, the latter means 
that we have ii'-rational points P and Pq on an irreducible smooth projective curve 
C over K and a correspondence E in C x A such that the line bundle associated 
to the divisor E{[P] — [Po]) is isomorphic to L. Here, we use iJ^P] — [Po]) '■— 
{P2)*{E.p\{[P] — [Po])), where pi are the projections of C x A. There are semistable 
IK°-models "^(o and sz/ oi C and A (for curves, this is well-known and for abelian 
varieties, see Examples 17. 21 and I7.4p . They are defined over the valuation ring F° of 
a finite extension F over the completion K^. More precisely, there are semistable 
algebraic P°-models C and A of Cp and Ap such that the associated formal schemes 
over IK° are and , respectively fsee l2.7p . 

There is a divisor 2? on C with horizontal part [P] — [Pq] and whose vertical 
part has rational coefhcients such that the intersection numbers T) ■ Y are for 
all irreducible components Y of C. There is an P°-model Z oi C x A with K°- 
morphisms pi : Z ^ C and p2 : Z ^ A (extending the corresponding projections) 
such that the correspondence E extends to a correspondence £ of Z. We define 
£(2?) :— {p2)*{£-pI{'D)) as a Q-divisor on A. It is well-known that £{Z) induces 
the canonical metric || W^^^^ of L. More precisely, if is a common denominator 
for the coefficients of the vertical part of T), then the line bundle associated to the 
divisor NV induces a formal IK°-model of P®^ and || ||^^ is the associated formal 
metric. Moreover, we deduce that || \\^^^ is a semipositive admissible metric. For 
more details about these constructions, we refer to [Gu3j . Theorem 8.9 and Example 
10.11. 

If L is any line bundle on A, then we deduce that || 11^^^^^ is admissible by linearity 
and by the special cases above. 

In non-archimedean analysis, no good definition of Chern forms of metrized line 
bundles is known. However, Chambert-Loir has introduced a measure which is the 
analogue of top-dimensional wedge products of such Chern forms. 

Proposition 3.8 There is an unique way to associate to any d-dimensional geo- 
metrically integral proper variety X over K and to any family of admissibly metrized 
line bundles Pi, . . . , P^ on X a regular Borel measure ci(Pi) A • • • A ci (P^) on X^" 
such that the following properties hold: 

(a) ci(Pi) A ■ • • A ci{Ld) is multilinear and symmetric m Pi, . . . , P^. 

(b) If (p : Y ^ X is a morphism of d-dimensional geometrically integral proper 
varieties over K , then 

ip^ {ci{ip*T[) A • • • A ci{ip*L^)) = deg(^)ci(Pr) A • • • A ci(I^). 

(c) If the metrics o/Pi, . . . , P^ are semipositive and g G C{X'^"-), then 



gci(Pi) A ■ • • A ci(Pd) 



< \9\supdeg^^ j^^{X). 



(d) If is a formal W -model of X with reduced special fibre and if the metric 
of Lj is induced by a formal -model of L on ^ for every j — 1, . . . ,d, 
then 

Ci(Pr) A • ■ • Aci(i;^) = 
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where Y ranges over the irreducible components of 3^ and Dirac 
measure in the unique point of X'^'^ which reduces to the generic point of 
Y. 

(e) If Li, . . . , Lci are endowed with semipositive admissible metrics \\ then ii — 
ci(Li) A - ■ • Aci(L(i) is a positive Borel measure with ^{X^"^) = deg^^^ (-''^)- 

(f) If we endow the set of positive regular Borel measures on X™ with the weak 
topology and if we fix the line bundles Li, . . . , Ld on X , then ci(Li) A • • • A 
Ci{Ld) is continuous with respect to the vector (|| . . . , || H^^) of semipositive 
admissible metrics on Li, . . . , L^. 

Proof: For existence, we refer to |Gu4| . §3. Uniqueness for formal metrics is clear 
by (d). The general case will be skipped. It follows from a repeated application of 
the minimality of semipositive admissible metrics in 13.41 □ 

3.9 We consider a c?-dimensional geometrically integral closed subvariety X of the 
abelian variety A and canonically metrized line bundles Li, . . . , Ld on A. Then 
fi := ci{L\x) A • • • ci{L\x) is called a canonical measure on X. It does not depend 
on the choice of the canonical metrics. Moreover, if one line bundle is odd, then 
(1 = (see [Gu4] . 3.15). 

Remark 3.10 By finite base change of K and then using linearity in the irreducible 
components, we may extend Chambert-Loir's measures to all proper schemes X over 
K of pure dimension d. 

4 Raynaud extensions and Mumford models 

In this section, IK denotes an algebraically closed field with a non-trivial non- 
archimedean complete absolute value | |, valuation v := — log | | and value group 
r. We fix an abelian variety A over K. 

First, we recall some results of Bosch and Liitkebohmert about the Raynaud 
extension of A. To simplify the exposition, we will replace cubical line bundles 
by the use of metrics. Then we explain Mumford's construction, which gives an 
admissible formal IK°-model £/ associated to certain polytopal decompositions of 
R". Moreover, we will relate ample line bundles on A and their models on jz/ to 
affine convex functions. At the end, we will define the tropical variety of a closed 
subvariety of A which is a periodic polytopal set in M". 

4.1 To define the Raynaud extension of A, we will follow the rigid analytic presen- 
tation of Bosch and Liitkebohmert f [BL2j . §1) and adapt it to Berkovich analytic 
spaces as in |Berl| . §6.5. There is a formal group scheme over K with generic fibre 
Ai and a homomorphism Ai — > A*^" of analytic groups over K inducing an isomor- 
phism onto an analytic subdomain of A^'^ such that si/i has semiabelian reduction. 
Moreover, £/i and the homomorphism Ai —>■ A^"^ are unique up to isomorphism and 
hence we may identify Ai with a compact subgroup of A**". 

It is convenient here to work in the category of formal analytic varieties as 
we may identify the objects with its generic fibres using a coarser topology (see 
12. 5p . Since £/i has semistable reduction, the special fibre is reduced and Ai has 
the structure of a formal analytic group. Let Ti be the maximal formal afhnoid 
subtorus in Ai. Then semistable reduction means that there is a unique formal 
abelian scheme ^ over K° with generic fibre B such that we have an exact sequence 

l^Ti^Ai^B^O (3) 
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of formal analytic groups. Note that we may identify Ti with the compact analytic 
subgroup {|a;i| = ■■■ — \xn\ = 1} of T = (GJ^)™. The uniformization E oi A 
is given as an analytic group by E := {Ai x T)/Ti, where Ti acts on Ai x T by 
ti • (a,t) :— (ti + a,t^^ ■ t). Using the canonical maps, we get an exact sequence 

l^T ^ E ^ B ^0 (4) 

of analytic groups. The closed immersion Ti — > Ai extends uniquely to a homo- 
morphism T — s- A'^'^ of analytic groups and hence we get a unique extension of 
Ai ^ A^^ to a homomorphism p : E ^ A^'^ of analytic groups. The kernel M oi p 
is a discrete subgroup of E{K) and the homomorphism E/M — > A'^'^ induced by p is 
an isomorphism. The exact sequences ^ and (0]) are called the Raynaud extensions 
of A. We will write the group structure on the uniformization E multiplicatively. 
We call n the torus rank of A. 

By |BGR| . Theorem 6.13, the formal abclian scheme ^ is algebraizable and the 
GAGA principle shows that the same is true for the Raynaud extension 

There are two extreme cases of abelian varieties over K. First, we have abelian 
varieties of good reduction at v which means that the torus part T of the Raynaud 
extension is trivial. On the other hand, we have the abelian varieties with totally 
degenerate reduction at v which means that the abelian part B of the Raynaud 
extension is trivial. 

4.2 The Raynaud extension ([3]) is locally trivial, i.e. there is an open atlas 1 of 
_^f-an |-jy formal affinoid varieties V such that gf ^(V) ^Vx Ti. This follows easily 
from the corresponding fact for semiabelian varieties applied to the reduction of 
^ (see |BL2j . p. 655). For every V ^ we fix such a trivialization given by a section 
sv '-V ^ Ai. The transition functions gvw ■— sy — sw are maps from VHW to Ti. 
As usual, we fix coordinates xi, . . . ,Xn on T — (GJJ:^)'^". The functions xi, . . . ,Xn 
are defined on the trivialization V xT oi E hy pull-back, but they do not extend to 
E. However, the functions jxij, . . . , \xn\ are well defined on E independently of the 
choice of the formal affinoid atlas 1. Using p{xj) — \xj\{p), we get a well-defined 
continuous surjective map 

val: E — > M, p ^ {~ logp(xi), . . . , - logp(a;„)). 

We will see at the end of this section that this map has similar properties as in 
tropical algebraic geometry, where one considers the special case T = E and where 
no abelian variety is behind the construction. (In tropical algebraic geometry, this 
map is called the tropicalization map and it is also denoted by val to emphasize 
that it is obtained on rational points by applying the valuation to the coordinates.) 
Note that val maps the discrete subgroup M of ^™ isomorphically onto a complete 
lattice A in K" f [BL2j . Theorem 1.2) and hence val induces a continuous surjective 
map 

^ : A^'^ ^ M"/A. 

We will construct in Example 17.21 a natural homeomorphism t of M"/A onto a 
compact subset S{A) (called the skeleton) of A^". By §6.5 of [Berlj . val o l gives a 
proper deformation retraction of A onto S{A). 

If X is an element of the character group T of T, then the units x^^{9vw) 
are transition functions of a formal line bundle on Obviously, sy induces 
a trivialization sy+bix) = sv{x — b) + a oi Ai for all a G Ai with (71(a) = b and 
X G V+b. Hence O^ is a translation invariant line bundle proving that O^ G Pic°(i3) 
and the same argument shows that the special fibre G Pic°{M). The translation 
invariance of ff^ can be also seen from the fact that ff^ is given by the formal 
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group schemes extension of ^ by the formal muhiphcative group obtained from the 
push-forward of the Raynaud extension by the character x- We have the description 



of the Raynaud extension which is easily obtained by using the Laurent series devel- 
opment on the trivializations V x T. Note that q*0^ is trivial on E with canonical 
nowhere vanishing section given by the functions x on. the trivialization V x T 
of E. Additional information for this and the next paragraph can be also found in 
the book of Fresnel and van der Put [FvdP] . Chapter 6. 

4.3 Next, we describe a line bundle L on A using the uniformization E. By 
^an _ 2?/M, we see that p*(L™) is equipped with an A/-action a such L^'^ may 
be recovered from p*(L™) by passing to the quotient with respect to a. There is 
a formal line bundle Jff on ^ with generic fibre denoted by H such that q* (H) is 
isomorphic to (see |BL2] . Proposition 4.4). We fix such an isomorphism 

to get the identification q*{H) = p*{L^''). Then q*{,3^) is a formal ]K°-model of 
and as in Example 13.31 . we get a formal metric q*\\ ||^ onp*(L™). There 
is a cocycle Z of H^{M, {W )^) such that 



for all 7 S M, x e £' and w G {p*L^^)x. By the description of the action a given in 
|BL2| . Proposition 4.9, it is easy to deduce that Z^{x) depends only on val(a;). For 
A G A, we get a unique function z\ : R" R with 

ZA(val(a;)) = - log(Z^(a;)) (7 G M, a; G A = val(7)). 

Moreover, the same consideration shows that 

za(u) = za(0) + 6(u,A) (ugM",AgA) 

for a symmetric bilinear form 6 : A x A ^ Z. By |BL2| . Theorem 6.13, L is ample 
if and only if H is ample on B and b is positive definite on A. We note also that 
the bilinear form h is trivial if L G Vic°{A) (use |BL2| . Corollary 4.11). 

4.4 We fix now the notation used from convex geometry (see [Gu4] . §6.1 and App. 
A, for more details). A polytope A of R" is called T -rational if it may be given as 
an intersection of half spaces of the form {u G R" | m • u > c} for suitable m G Z" 
and c G r. If r = (Q), then such a polytope is called rational. The relative interior 
of A is denote by relint(A). A closed face of A is either the polytope A itself or is 
equal to if n A where H is the boundary of a half-space of R" containing A. An 
open face of A is the relative interior of a closed face. 

A polytopal decomposition of 11 C R" is a locally finite family 'r^ of polytopes 
contained in which includes all faces, which is face to face and which covers Q. 
A subdivision of is a polytopal decomposition of O such that every A G has 
a polytopal decomposition in i^. 

We use the quotient map R" R"/A, u t-> u, to translate the above notions. 
A polytope A in R"/A is given by a polytope A in R" which maps bijectively onto 
A. A polytopal decomposition ^ of R"/A is a a finite family of polytopes in R"/A 
induced by a A-periodic polytopal decomposition of R". 

We define convex functions as in analysis (and not as in the theory of toric 
varieties) . A convex function / : R" — > R is called strongly polyhedral with respect 
to the polytopal decomposition of R" if the n-dimensional polytopes in '^^ are 
the maximal subsets of R" where / is affine. 



E = Spec O^ 
\x6f 




{q*\\a^{w)\\,^) 



Z^{x)-^ ■ {q*\\w\\,^) 



X 
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4.5 A F-rational polytope A induces a polytopal domain Ua '■= val ""^(A) of the 
torus T with afhnoid algebra 



MUa) { z2 °'m^T^ ■ ■ ■ ^n" I lim i'(am) + m- u = cx) VugA 

I ^ |m|— i-oo 



E 

(see |Gu4l . Proposition 4.1). We need the following generalization 



Lemma 4.6 Let V he an affinoid variety with ajfinoid algebra Then every 

h G ff{V X Ua) has a Laurent series development 

J2 «ma;r---x™" (5) 

mGZ" 

for uniquely determined Om G ^{V) and the supremum semi-norm is given by 

\h\sup = sup |am|supe"™". (6) 
ueA.meZ" 

The supremum in is a maximum achieved in a vertex u o/ A. If V is con- 
nected, then h is a unit in Giy x U a) if md only if there is uiq G such that 
|amo(y)x™°| > |ain(y)x'"| for all x e Ua, y eV and m ^ mo. 

Conversely, a Laurent series as in ([5]) is in ^{VxUa) if and only if — log ||am|| + 
m-u tends to oo for |m| — > oo, where \\ \\ is any Banach norm on the affinoid algebra 



Proof: The description of ^{V x Ua) as the set of Laurent series ([S]) is a direct 
generalization of [Gu4| . Proposition 4.1. The proof follows the same arguments and 
will be omitted. It remains to prove the characterization of the units. 

If /i G ff{V) has such a dominant term amo(y)x™"j then lias no zeros 
on V and hence Hilbert's Nullstellensatz for affinoid algebras f [BGR) . Proposition 
7.1.3/1) shows that G ff{V)^. We may assume mp = and oq = 1. Then we 
have /i = 1 — /ii for /ii e ^(F x Ua) with |/ii|sup < 1 and hence 

oc 

h-^ = ^ e ff{V X Ua)- 

If ft, G i?'{V X Ua) has no such dominant term, then there is x G Ua, y & V and 
mo ^ mi G Z" with 



,(y)x™«| = |a^,(y)x-M-|/i| 



sup ■ 



Let u := val(x) and let W be the affinoid subdomain of y x Ua given by val~"'^(u). 
It is isomorphic to F x Ti for the affinoid torus Ti = {|a;i| — ■ ■ ■ — |a;„| = 1} in T. 
Since the restriction of /i to has no dominant term as well, we get h\w ^ ^{W) ^ 
f [BUn) . Lemma 9.7.1/1) and hence h ^ ff{V x UaY^ ■ □ 

4.7 Next, we define a formal IK°-model of A associated to a F-rational polytopal 
decomposition of M"/A. In the algebraic framework, this is a construction of 
Mumford |Mu| which is useful for compactifying moduli spaces of abelian varieties 
(see |FC| ) . We denote by the F-rational A-periodic polytopal decomposition of 
which induces ^. 

We choose a formal affinoid atlas T as in 14.21 For V ^ 1 with trivialization 
q^^{V) '^V X Ti and A G we define the affinoid subdomain 

UvA — l'\y) n var^(A) xUa (7) 
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of E, where the term on the right is in the triviahzation q^^{V) = VxT. The sets 
Uv.A form a formal analytic atlas on E inducing a formal analytic variety i^^"*" 
with corresponding formal K°-niodel S" of E. We note that (o has a formal affine 
open covering by the sets '^v,A ■= UI^a^- 

We may assume that T is closed under translation with elements of q{M). We 
may form the quotient of (f^"'^" by M leading to a formal analytic structure on 
A™. The associated formal K°-model ^ of A (see l2.6p is called the Mumford model 
associated to ^. It has a covering by formal affine open subsets '^[v.a] obtained by 
gluing '2^y+q(7),A+vai(7) for all 7 S M. Obviously, is independent of the choice 
of 1. Note that we have canonical morphisms q: S SS and p : S" extending 
the corresponding maps on generic fibres. 

Recall that the strata of a variety were introduced at the end of §1. The next 
result describes the strata of the special fibre of a Mumford model. 

Proposition 4.8 Let be the Mumford model of A associated to the V -rational 
polytopal decomposition ofW^/K. Let S he the formal K° -model of E associated 
to the polytopal decomposition ofW!^ which was used in \4.7\ to construct . 

(a) The formal torus Ti — {x^^ ^ . . . ^x^^)) acts canonically on § inducing 
a {G^)-g-action on the special fibre S . 

(b ) There is a bijective order reversing correspondence between strata Z of S and 
open faces t of It is given by 

T = va\{TT-\Z)), Z ^TT{var\T)), 

where n : E S is the reduction map. We have dim(Z) + dim(T) = dim(yl). 

(c) There is a bijective order reversing correspondence between strata W of £/ 
and open faces t of ^ . It is given by 

r = ^(7r-i(VK)), = 7r(TOl~\r)), 
where n : A £/ is the reduction map. We have dim(VF) + dim(T) — dim(A). 

(d) Every irreducible component Y' of S' is mapped isomorphically onto an irre- 
ducible component Y of si . By (c), we get a bijective correspondence between 
irreducible components of and vertices of . Moreover, q :Y' ^ SS is a 
fibre bundle whose fibre is a {G'!^)-g-toric variety. 

Proof: By construction, T*]^^™ acts on S'^~^'^ and (a) follows. To prove (b), we note 
that strata are compatible with localization and hence we may consider a formal 
affinoid chart Uv,a V x Ua as in ([7]). By [Gu4| . Proposition 4.4, it follows that 
the strata of Ua are the same as the (GJJj)i|-orbits and they correspond to the open 
faces of A. The strata of Uv,a are the preimages of the strata of Ua leading to the 
desired correspondence. The other claims in (b) follow also from the corresponding 
statements for Ua given in [Gu4j . Proposition 4.4. 

By (b) and the construction of s/, p maps a stratum of (o isomorphically onto 
a stratum of s/ and hence (c) follows easily from (b). To prove (d), let u be the 
vertex of corresponding to the irreducible component Y' by (b) . Let A e ^ with 
vertex u. In the triviahzation (O, F' is given by F x Ya.u, where 1a, u is the affine 
toric variety given by the local cone of A in u (see |Gu2) . Proposition 4.4(d)). If 
A ranges over we see that Y' has over V the form V x Y^, where Yu is the 
(GJ5,)£-toric variety given by the fan of local cones of the polytopes A g in the 
vertex u. This can be done for every V G T to cover Y' . We note that Y' is the 
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union of the strata corresponding to the open faces t of with vertex u. Since Y' 
is locally isomorphic to Y and no gluing arises with respect to the M-action, we 
easily deduce (d). □ 

Remark 4.9 Let A e with relative interior r. We denote by La the linear 
subspace of R" generated by A — u, u G A. Then Na ■— La H Z" is a complete 
lattice in La and we get a subtorus of T = {G"!^)^ with H^i^) — Na ®z IK^ . 
It follows from the above proof and [Gu4| . Remark 4.8, that the stratum of S 
associated to r is a T/TJA-torsor over ^ with respect to q. 

4.10 Next, we describe K°-models of the line bundle L on A. They should be 
defined on a given Mumford model ^ of A associated to the F-rational polytopal 
decomposition of R"/A. As in 14.31 we choose a formal line bundle on !3§ 
with q*{H) = p*{L'^'^) on the uniformization E of A such that i''" = q*{H)/M on 
^an _ E/M and which leads to a cocycle z\{u.) with respect to A G A. We fix a 
formal afhne atlas of ^ which trivializes the line bundle Jif and which induces a 
formal affinoid trivialization X for qi : Ai ~^ B. 

Proposition 4.11 There is a bijective correspondence between isomorphism classes 
of formal K° -models S£ of L on si which are trivial over the formal open subsets 
'^[V,A]j where A €z '^,V 1, and continuous real functions f on R" satisfying the 
following two conditions: 

(a) For A G there are niA S and ca G F with /(u) = niA • u + ca on A. 

(b) /(u + A) = /(u) + ^a(u) (A g a, u g M"). 

Let II 11^ be the formal metric of L associated to Jff (see Examvle \3.S\) . Then the 
corresponding /jf : M" — )■ M zs uniquely determined by 

oval = -logo (p* II ||^/gr*|| 11^^), (8) 

where the quotient of the metrics on q*{H) is evaluated at any non-zero 

local section. 

Proof: Let .if be a formal K°-model of i on A which is trivial on every "^[v^a]- 
Using the identification q* (i?) we may view p* 1 1 ||_2>/q*|| ||js^ as a metric 

on O^;. The corresponding real function is obtained by evaluating this metric at 
the constant section 1. Since formal metrics are continuous, the right hand side of 
(IHl) is a continuous function on E. 

Our first goal is to show that this function descends to M", i.e. there is f^ : 
R" M with ([8]). We choose a connected G T and A G By assumption, the 
formal afhne open subset with generic fibre V trivializes the formal line bundle 

, i.e. there is a nowhere vanishing section sy G T^y ,,^). We may consider sy 
as a section oi H\v with HsyH^ — 1 on V . By assumption, ^ is trivial on '^[v,a] 
and hence there is a nowhere vanishing section ty G r(y,i) with ||ty||^ = 1 on 
t^[y,A]- We apply Lemma l46l to the unit h := q* {sy) / P* iW) on Uv,/i = V x Ua, 
hence there is niA G Z" and ay. a G £>'{V)^ with 

P*\\ \\^/<l*\\ \U = \h\ = \ayA^"^-\ (9) 

on Uy^A- A priori, niA depends also on V, but since the functions well- 
defined on E, it follows easily from ^ that we may select niA independently from 
F G T. We conclude that |ay,A| = WwaI oyiVDW for every V,W € 1. If we 
vary V ^ 1 keeping A fixed, we get a formal K°-model J# of Os on given by 
trivializations ay. a G ^{V) ^ . Since the special fibre ^ is smooth, the formal metric 
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II on Ob induces a constant function ||l||c#' (see |Gu2j . Proposition 7.6). This 
means that |ay^A| is constant on V and hence there is oa G K.^ with |ay_A| — \o-a\ 
for all y G T. For x e Uy.A, we conclude that \h(x)\ in ([§]) depends only on val(x) 
and hence there is a unique function with ([5]). Moreover, we have proved that (a) 
holds with ca := w(aA). Since is a polytopal complex, it is clear that continuity 
of follows from (a). 

Finally, we prove (b) for f^. Let x ^ E with val(a;) = u and let 7 e M with 
val(7) = A. Then (b) follows from 

/^oval(7-x) = -log((p*|| \\^).^.J{q*\\ IU),J 

ra_iog((p*|| ||^)j(e-(")g*|| 11^) J 

= /^(u) + zx{u). 

Conversely, let / : M" ^ R be a continuous function satisfying (a) and (b). We 
define a metric || ||' on p*{L^^) = q*{H) by 



II 1179*11 IL 



— g-/oval^ 



11.^ 

As a consequence of (b), || ||' descends to a metric || 1|^ on — p*{L^'^)/AI. It is 
uniquely characterized by the property 

/oval=-log(p*|| ||^./g*|| 11^). (10) 

We choose mA £ and ca G F from (a). There is oa S with ca = w(aA)- 
For V ^ 1 and A G the metric p*\\ ||^ is given on Uv,a by 

P*\\ II//9II IL^ = |aA|-|x'"-| (11) 

as a consequence of PU)) . Using sy e F(y,_ff) from above, we deduce that the 
nowhere vanishing section ty.A (oax™^)^ • <7*(sv) G T{Uv,a, q* (H)) satisfies 

p*IKv,a||/ = i 

on Uv,A- We may view (iv,A)y6i,A6'i? ^ family of frames of i*"' of constant 
II llj-metric 1 and hence || ||j is the metric on L associated to a unique formal 
K°-model of L f |Gu2| . Proposition 7.5) as desired. 

It remains to show that / 1— > .jSf/ is inverse to ^ f^. Here, the same argument 
as for Proposition 6.6 in |Gu4j applies. □ 

Proposition 4.12 Let be a T -rational polytopal decomposition of R"/A with 
associated Mumford model of A over K° obtained from the formal 1K° -model S 
of the Raynaud extension E as in |^. 7[ We assume that there is a K° -model S£ 
of L on as in Proposition \4-ll\ corresponding to the affine function /_sf . Let 
p : S ^ be the quotient map. Then (p*^)~ is relatively ample with respect to 
the canonical reduction q : S —f 3§ if and only if f^ is a strongly polyhedral convex 
function with respect to (see \4-4^ - 

Proof: Let u be a vertex of 'rf. By Proposition 14.81 we get a corresponding 
irreducible component of Moreover, we have seen that Y^ is a fibre bundle 
over which is trivial over Y = V for every V € T with associated formal scheme 
y over K°. The fibre of the bundle is the (GJ^)]g-toric variety associated to the 
local cones of the polytopes A S ^ with vertex u. We claim that the restriction of 
(p*^)"" to the trivialization V x is the pull-back of a line bundle on Z^. Indeed, 
the toric variety Zu is given by pasting the family 



{UAr ■■= Spec (t[: 
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where A is ranging over the polytopes of with vertex u and 

x-^^ {i™ I m e Z" , u' ■ m > Vu' e A - u}. 

For such a A, we use the presentation fjc{u') = niA • u' + ca from Proposition 
I4.1ir a). If we change the identification — q*{H), then || \\^ is replaced 

by a positive multiple and hence we may assume /^f (u) = 0. There is ca G 
with Ca = v{a/^). The functions cax'"^ define a ((G55;j)£-equivariant Cartier 
divisor D on Z^- Since ^ is trivial over Y (see I4.10p . we deduce easily from 
Proposition 14.111 that p*^!^^^ is isomorphic to the pull-back of Oz^{D) with 
respect to the second projection. 

The claim follows from the fact that D is ample if and only if /_sf is a strongly 
polyhedral convex function in the vertex u ( Fu2], §3.4). □ 

4.13 Let X be a closed subscheme of A. Then the subset of R"/A is 

called the tropical variety associated to X. 

We note the analogue to tropical algebraic geometry, where one studies the 
tropical variety associated to an algebraic subvariety of G^. However, the lift 
p~^{X^^) of X to the Raynaud extension E is only an analytic subvariety and 
hence our tropical varieties are best studied in the framework of Berkovich analytic 
spaces (see |Gu4] for details about tropical analytic geometry). 

Proposition 4.14 The tropical variety val(X™) is a finite union of T-rational 
polytopes mM"/A of dimension at most dhn(X) . If X is connected, then the tropical 
variety is also connected. 

Proof: Let E be the Raynaud extension of A and let T be an atlas of trivalizations 
of E over B as in 14.21 We choose any F-rational polytope A of R" inducing a 
polytope A of IR"/A and V £ %. The trivialization leads to Uv,a ^ V x Ua- By 
|Ber5| . Corollary 6.2.2, val([/y.Anp~^(X'*")) is a finite union of P-rational polytopes 
in M" of dimension at most dim(X). Since A**" is covered by finitely many J7[\/,a]i 
we conclude easily that val(Ar'*") is a finite union of P-rational polytopes in M"/A of 
dimension at most dim(A"). If X is connected, then AT**" is also connected ( |Berl) . 
Theorem 3.4.8). By continuity of val, we see that val(Ar^") is also connected. □ 

Theorem 4.15 Let X be purely d-dimensional closed subscheme of A and let b be 
the dimension of the abelian variety B of good reduction in the Raynaud extension 
([5]) of A. Then the tropical variety val{X^'^) is a finite union of T-rational polytopes 
in M"/A of dimension at least d — b and at most d. 

Proof: By Proposition 14. 141 there are P-rational polytopes Ai, . . . A^ £ R"/A of 
dimension at most d with val(Ar'*") = AiU- • -UAfe. We may assume that no polytope 
Aj may be omitted in this decomposition. We have to prove dim(Aj) > d — b. For 
u G va^AT^'^), it is enough to show that the dimension of the polytopal set val(A'^'^) 
in a neighbourhood of u is at least d — b. 

We choose a lift u of u to K" and an n-dimensional F-rational polytope A with 
u e relint(A). Using the notation of the proof of Proposition l4.14[ we choose V £ 1 
such that u G val(Ary_A) for Xv,a ■= Uv,A np~^(Ar™). The claim follows now from 
the following more general result: 

Let Y be any closed analytic subvariety of Uy.A of pure dimension d such that 
u G val(y) and let N be the dimension o/val(y) in a neighbourhood ofu. Then we 
have N > d — b. 

The proof is by induction on N and follows |Gu4j . Proposition 5.4. If = 0, 
then we may assume that val(y) ~ {u} by passing to a smaller A. By our choice 
of V, we have the trivialization Uv,a ^ V x Ua, where Ua is the polytopal domain 
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in (GJ^)™ associated to A. Passing to the associated admissible formal affinc K°- 
schemes, we get "^vA = 1^ x ^a- By abuse of notation, we will use the projection 
P2 also on '^v.A- Let be the closure of y in ^v,A- By [Gu4| . Proposition 4.4, the 
open face r :— relint(A) induces the stratum '.= 7r(val^^(T)) of Ua of dimension 
n — dim(T) = 0, where tt : [/a Ua is the reduction map. Now we use that 
TT op2^ = p2 o n on Y and that the reduction tt on the right hand side is a surjective 
map from Y onto the special fibre ?^ (see I2.6|) . We conclude from val(y) = {u} 
that p2 maps "3^ to the closed point Z^- Since Y is of pure dimension d, the same 
is true for the special fibre "3^ and hence we get 

d < dim{p^^{Zr)) < dim(r) = 6. 

This proves the claim for = 0. 

Now we prove the case > 0. By |Gu4| . Proposition 5.2, val(y) is a finite union 
of F-rational polytopes. We conclude that u is contained in an A''-dimensional F- 
rational polytope a C valfK). Note that any point u' G cr contained in a sufficiently 
small neighbourhood of u has also local dimension N. By density of Y{K) G 
f [Berl] . Proposition 2.1.15), we find such an u' with u' = val(y) for some y G F(IK). 
Moreover, we may assume that u' has an n-dimensional F-rational polytope A' as a 
neighbourhood such that A' n val(y) = A' n a. There are a G IK and m G such 
that the hyperplane H — {x"^ — a} passes through y and such that val{H'^'^) = 
{u! ■ m = v{a)} intersects val(F) fl A' transversally. By KruU's Hauptidealsatz, the 
closed analytic subvariety Y' -.— Yn 7?*^" fl Uv,A' of Uv,A' has pure dimension d—l. 
We deduce from 

val(r') C val(y) n • m = v{a)} H A', 

that val(F') has dimension A^' < iV — 1 in a neighbourhood of u'. By induction 
applied to Y' , we get N~l>N'>d— I — b proving the claim. □ 

Remark 4.16 We assume now that X is an irreducible d-dimensional closed sub- 
variety of A. In the preprint |Gu7| of this paper, it was claimed in Theorem 14.151 
that va^X**") is of pure dimension. As pointed out by the referee, the argument 
was based on a wrong application of Chevalley's theorem which does not hold in 
the category of analytic spaces and so this question remains open. 

However, if A is isogeneous to Bi x B2, where Bi (resp. B2) is an ahelian 
variety with good (resp. with totally degenerate) reduction at v, then val(X'*") has 
indeed pure dimension d ~ e for some e G {0, min(6, d)}. 

To prove this, let (p : A ^ Bi x B2 be an isogeny. By |BL2j . Theorem 1.2, ip 
lifts to an isogeny cj) : E Bf^ x (G^Y'^ between the associated uniformizations of 
the Raynaud extension. Obviously, (GJ^J**" is also the torus part in the Raynaud 
extension of A and restricts to an isogeny (GJ^)'^'^ — » (G^)™. On the other hand, 
an (analytic) endomorphism of G^ is given by (f>*{xj) — x™j for some nnj G Z", 
j = 1, . . . ,n. We conclude that the linear isomorphism 0aff, given by the matrix 
(mi, . . . , m„)*, maps va^A"'*") onto val(0(X)'*"). Hence we may assume that A = 
Bi X i?2- Let p2 : A B2 he the second projection. Then Y ~ P2{N) is an 
irreducible closed subvariety of B2 of dimension d ~ e for some e G {0, min(fe, d)} 
with b = dim(Bi). By construction, we have val(X^") = val(y") and hence the 
claim follows from the fact that the tropical variety of an irreducible d'-dimensional 
closed subvariety of a totally degenerate abelian variety has pure dimension d' (see 
Theorem or [Uu4] . Theorem 6.9). □ 

5 Subdivisions of the skeleton 

In this section, K denotes an algebraically closed field endowed with a non-trivial 
non-archimedean complete absolute value | |. Let v :— — log | | be the valuation 
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with value group F := w(K^), valuation ring K° and residue field K. 

A smooth variety X' over K has not always a smooth formal K°-model and 
hence we study a strictly semistable K°-model J?^'. Its special fibre J^' may be 
viewed as a divisor with normal crossings on . The skeleton oi is a metrized 
polytopal set of (X')™ closely related to the stratification of We will see that 
the skeleton has similar properties as a tropical variety. 

We will study the effect of subdivisions on the models. In particular, this is inter- 
esting if X' maps to an abelian variety. The most important result of this somehow 
technical section is at the end, where we will compute the degree of an irreducible 
component of J^T' in this setting under a certain transversality assumption. In the 
next section, this result is used to compute canonical measures on abelian varieties. 

5.1 Let be a strictly semistable admissible formal scheme over K°, i.e. J^' is 
covered by formal open subsets with an etale morphism 

: ^' ^ ^ := Spf {K°{x',, x'^)/{x'o . . . < - tt)) 

for r < TT, and tt e with \7t\ < 1. The generic fibre U' oi'W is smooth and hence 
the generic fibre X' of is a smooth analytic space. For simplicity, we assume 
that X' is connected. Then X' is c?-dimensional, but r and tt may depend on the 
choice of 

Note = Spf (K°(a;[),...,4}/(a;[,---4-7r)) X Spf (K°(4+i,...,2;;j)). For 
i = 1,2, we denote the i-th factor by S^i and the corresponding projection by 
Pi : ^ S^i. The second factor 5^2 is the affine formal scheme associated to the 
closed unit ball of dimension d — r. The first factor S^i is isomorphic to the affine 
formal scheme over K° associated to the polytopal domain Ua in G^, where A is 
the simplex {u[ + • • • + uj, < v{tt)} in W_^. 

We will use the strata of the special fibre ^ which were introduced at the 
end of §1. We will always normalize the formal open covering as in the following 
proposition. The reason will become clear in the construction of the skeleton. 

Proposition 5.2 Any formal open covering of S^' admits a refinement {'^'j by 
formal open subsets as in \5.1\ and which has the following properties: 

(a) Every is a formal affine open subscheme of . 

(b) There is a distinguished stratum S of associated to such that for any 
stratum T of 2^' , we have S C T if and only if H T 7^ 0. 

(c) '0~^({O} X 5^2) is the stratum of which is equal to fl S for the distin- 
guished stratum S from (b). 

(d) Every stratum of 3^' is the distinguished stratum of a suitable . 

Proof: We start with the formal open covering {f%'^ from 15.1] We will refine it 
successively to get the claim. First, we may assume that the covering is a refinement 
of the given formal open covering of Let P be any point of 9^' and let S be 
the stratum of 3(^' which contains P. There is an with P £ . We remove 
from the closure of all strata T of with Sr\T = %. Note that the closure of a 
stratum in is a strata subset (see |Ber4j . Proposition 2.1) and that the closures 
of two strata are either disjoint or one closure is contained in the other. Hence we 
get from a formal open subset which contains P and which has property (b) 
for our S. By passing to a formal affine open subset containing P, we get also (a). 
If we do this for every point P, we get a formal open subcovering with properties 
(a),(b) and (d). So we may assume that the covering {^'\ satisfies (a),(b) and (d). 
We will show that this implies (c). 
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By |Ber4| . Lemma 2.2, the restriction of -0 to a stratum of induces an etale 
morphism to a stratum of ^ and hence the preimage of a stratum of =5^ is a stratum 
of We conclude that ■0"^({6} x ^2) is the union of d — r-dimensional strata 
Si of Let S be the distinguished stratum of associated to By (b), 
S is contained in the closure of every Si. Since {0} x ^2 is a closed stratum of 
y, ijj{S n '^') is contained in {6} x ,5^2- This proves S ^ Si for some i. By 
dimensionality reasons, we get 5* = Si for every i proving (c). □ 

5.3 Next, we describe the skeleton of a strictly semistable formal scheme over 
K°. For details, we refer to [Bct4] . §4, [Bct5] . §4, and [Gu4] . 9.1. 

We start with the model example ^ from l5.1l Replacing Xq by tt/ (a;']^ . . . x'^), ev- 
ery analytic function / on has a unique representation as a convergent Laurent 
series of the form 

/= E E «mKn-..(x:,r''. 

mi ,. . . ,mi,GZ m,.+ i , . . .,md£N 

For every u in the simplex A := {u € \ u'i + ■ ■ ■ + u'j. < v{7t)}, we get an element 
G using the bounded multiplicative scminorm 

\f{U\ :=max|a„|e-"^"i--"'-«'-. 

m 

We define the skeleton of as {^u | u e A}. It is a closed subset of J^^^^i ^omeo- 
morphic to A. To omit the preference of the coordinate x'q, it is better to identify 
the skeleton of ,y' with the simplex {u'q + ■ ■ ■ + u',. — f (tt)} in R!^.'^"'^. 

Next, we consider a formal open subset of as in Proposition 15.21 Then 
the skeleton S{'^') of is defined as the preimage of the skeleton of with 
respect to the morphism t/;^". It is a closed subset of the generic fibre U' of 
Using (b) of Proposition 15. 2[ one can show that ip^'^ induces a homeomorphism of 
S{'^') onto the skeleton of S^. Using the above, we may identify S{'^') again with 
the metrized simplex {uq + • ■ • + uJ, = ^^(Tr)} in R!j_^^. This is independent of ^ up 
to reordering the coordinates u'q, ... ,u'^. 

Finally, the skeleton S{J^') of is the union of all skeletons S{'^'). Berkovich 
has shown that S{^') is a closed subset of the generic fibre X' which depends only 
on the formal model but neither on the choice of the formal covering {^'} nor 
on the choice of the etale morphisms ip. 

The skeleton S{S^') has a canonical structure as an abstract metrized simpli- 
cial set which reflects the incidence relations between the strata of For every 
stratum S of codimension r, there is a canonical simplex A5 in S{J^') defined in 
the following way. We choose a formal affine open subset as in Proposition 15.21 
such that S is the distinguished stratum associated to Then we define Ag as 
the skeleton of It is easy to see that A5 does not depend on the choice of 
and hence we may identify As with the simplex {u'q + • • • + uJ, = v{it)} in R!j_'*'^. 
The canonical simplices have the properties: 

(a) The canonical simplices {^s)si£stT:{£'') cover S{^'). 

(b) For S e 8tT{j^'), the map T i~> A^ gives a bijective order reversing corre- 
spondence between T £ str(^') with S C T and closed faces of Ag. 

(c) For R,S e str( J^'): ^ is the union of aU At with T G str( JT') and 
Td RUS. 

There is a continuous map Val : X' — > S{,^') which restricts to the identity on 
S{^'). It is enough to define it for p € U', where U' is the generic fibre of a formal 
afiine open subset '^' as above. Using the identification A5 — {u'q + ■ • • + — 
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t;(7r)}, we set Val(p) := (- logop(^*(x[,)), . . . , - logop(7A*(x;))) G As- By [BiFi]. 
Theorem 5.2, the map Val gives a proper strong deformation retraction of X' to 
the skeleton S{^'). 

5.4 It would be tempting to call the family of canonical simplices a polytopal 
decomposition of S{^'). However, we note that the family is not necessarily face 
to face, only the weaker property 15. Sf c) holds instead. 

In the following, we consider now a F-rational polytopal subdivision S> of S{^'). 
This means that ^ is a, family of F-rational polytopes, each contained in a canonical 
simplex, such that ^ fl Ag := {A G ^ | A C A5} is a polytopal decomposition of 
As for every S G str(^'). 

Proposition 5.5 There is a coarsest formal analytic structure X" on X' which 
refines (^')^^''" in such a way that VaP^(A) is a formal open subset for every 
A G ^. 

Proof: Let S G str( JT') and let U' be the generic fibre of a set as in Proposition 
15.21 We note that such sets U', for varying S, form a formal aflinoid atlas of 
{^'y~'^'^. To prove the claim, it is enough to show that the sets 

(C/'nVari(A))^^^^^^ (12) 

define a formal affinoid atlas on [/'. The polytope A G H A5 is given by finitely 
many inequalities of the form m • u' + v{X) > for some m G Z''+^ and A G K^. 
In terms of the semistable coordinates x'q, . . . ,x'j. of U', the subset U' n Var^(A) 
is given by finitely many inequalities of the form |A'(/'*(x')'"| < 1 and hence it is 
an affinoid subdomain of U'. This description yields easily that (fT^ is a formal 
affinoid atlas of U' proving the claim. □ 

Remark 5.6 Let be a formal open subset of as in Proposition 15.21 with 
etale morphism tp : — > 5^ . The generic fibre U' is a formal open subset of the 
formal analytic variety X" from Proposition 15.51 and we write suggestively V n X" 
for the formal analytic structure on [/' induced by X". 

Let S be the distinguished stratum of associated to The first factor 
from l5.1l is the formal scheme over K° associated to the polytopal domain van^(A5) 
in {x'gG;+i |2:;,---4=i;(7r)}. 

The polytopal decomposition A5 of A5 leads to a formal analytic refinement 
of inducing an admissible formal scheme y( over IK° and a canonical mor- 

phism 61 : =5^/ ,5^\ extending the identity from the generic fibre. By base change, 
we get a morphism l : 5^' 5^ with the same property. Note that S^' = x 5^2 
has reduced special fibre fsee l2.6p . 

Since the base change : 5^' of V' with respect to l is etale, has also 

reduced special fibre (see jEGA IV] . 17.5.7). Bv 12.61 is an admissible formal 
scheme over IK° associated to a formal analytic variety. By the proof of Proposition 
EH the latter is U' n X" and hence = (f/' n X")''~"'=''. 

In the following, S^" denotes the admissible formal IK°-scheme associated to X" 
and hence we may identify the special fibre X" with the reduction S^" (see 12. 6p . 
Since is a polytopal subdivision of the skeleton, the identity is a formal analytic 
morphism X" (<^')^^'*" and hence we get a unique morphism l' : X" X' 
extending the identity on the generic fibre. 

Recall that the order on the strata is given by inclusion of closures. Similarly, 
we define an order on the open faces of Qi . 
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Proposition 5.7 Let X" be the formal analytic variety associated to Ql as described 
in Proposition 15.51 Then there is a bijective correspondence between open faces r 
of !^ and strata R of X" , given by 

i? = 7r(Var^(T)), T = Val(7r^i(y)) , (13) 
where tt : X' —>■ X" is the reduction map and Y is any non-empty subset of R. 

Proof: Let r be an open face of We have to prove that i? TT (Var^(T)) 
is a stratum of X" . There is a unique S S str{:Sf') such that t is contained in 
relint(As). We choose a formal affine open subset as in ProDOsition l5.2l such that 
S is the distinguished stratum associated to Note that strata are compatible 
with localization and hence we may assume = . By Remark 15.61 we have a 
Cartesian diagram of admissible formal schemes over K° 

X" — ^ ,9" — ^ .9'[ 

JT' — ^ ,9' J?^i 

with '\\) and etale. Let ^/ii := pi o ijj and ip'i := p'l o ip' . 

The idea of the proof is to use ipi to reduce the claim to the corresponding 
statement for the polytopal domain S^'i in GJ„. We describe this result here in 
terms of the torus and in terms of the valuation map 

val : iG:+'r ^ P ^ (-logop(4), . . . , -logop(4)) 

to omit the preference of the first coordinate. By |Gu4] . Propositions 4.4 and 4.7, 
there is a bijective correspondence between open faces cr of (which is a polytopal 
decomposition of A5 = {u e M'"+^ | Wq + • ■ • + mJ, = v{tt)} by the assumption 
= ^') and strata T{ of given by 

Ti^n (vapi (a) n J^^^) , (J = v&l {tt~-\T{)) , (14) 

where tt : = (S^{y"^ denotes the reduction map. In fact, one can replace 

T[ in the second formula of (fTi|) by any non-empty subset of T[. To see this, note 
that the formal affinoid subtorus D — {|xo| — ■■■ = \xr\ = \^ xq - ■ ■ Xr = 1} of 
GJ^^ acts on ^{"^ and this extends to an action of the formal torus on S^[. The 
strata of are the same as the torus orbits. We conclude that D acts transitively 
on the set {7r~^(P) | P £ r{(K)}. Since the map val is invariant under the in- 
action, we conclude that val(7r~-'^(r{)) = val(7r~-'^(P)) for any K-rational point P of 
T[. Note that we may use base extension to make any non-closed point rational; 
therefore since the map val is invariant under base extension we conclude that 
val(7r~^(r^')) = val(7r~^(P)) holds for any (i.e. not necessarily closed) point P of 
T^'. This proves the second formula in (I14p with T^' replaced by any non-empty 
subset. 

Now let T[ be the stratum of corresponding to the given open face r. Ob- 
viously, T := {p\Y^{T[) = T[ X J^2 is a stratum of .9" = x ^2- We would hke 
to prove that the preimage of T' with respect to -0' is equal to R. Using (fT4)) . we 
first note that 

{i,r\T') = W)-' (vr(vari(r) nj^r)) ■ (15) 
Next, we prove the following formula 



{^\)-^ (tt (vari(r) n ^r)) = ^ ((0r)-i(vari(r))) 



(16) 
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The inclusion "d" follows immediately from tt o tpf^ = ^[ o tt. Here, we have 
used that ipi^ = (V'l)'*"- To prove the reverse inclusion, let us choose a point 
x' £ (it (val~"'^(r) n.5^f")). The reduction map is surjective, hence there is 

x' £ X' with tt{x') — x' . By assumption, there is z G van^(T) n .5^]^" with 

t:{z) ^ '([^[{i') ^ ^P[{nix')) ^ t: o ,p^'\x'). 

By (HH), we get tt o ipf^'^x') G T{. An apphcation of (HH) shows yal{ipf'^{x')) G r. 
We conclude that x' = tt{x') G 7r(('(/'r)"Hvar\T))) proving HH). 

Using (fTS]) and (fTB)) . we get finally the desired relation between R and T': 

m-\T') = 1, ((V-D-'M-iM)) = 1, (Var^r)) = i?. (17) 

By |Ber4| . Lemma 2.2, the preimage of the stratum T' with respect to the etale 
morphism ■0' is the union of strata of the same dimension. This argument was 
already used in the proof of Proposition 15.21 To prove that i? is a stratum, it is 
enough to show that R is irreducible. Note that li{T[) = {0} in ,S^i and hence 

{^')-\T') = T' ^' = T' x^Qj^^^ X y^) - g:„-* X 5, (18) 

where t := dim(r). Here, we have used that T[ is an (r — i)-dimensional torus orbit 
and that S = Vj~^({6} x ^2) (see Proposition [O] and [Gu4 ^ . Proposition 4.4). We 
conclude that R = {ijj')^^{T') is irreducible proving that R G str(X"). 

Since the open faces of & form a covering of the skeleton S'(^'), we conclude 
that every R G str(X") has the form R — 7r(VaP^(T)) for an open face r of i^'. 

It remains to show that r may be reconstructed from R by the second formula 
in (Uni). By the same argument as used in the paragraph after it is enough 

to prove this for Y — {y} for any K-rational point y of R. Since ip' is etale, the 
formal fibre X'^(y) :— 7r^^(y) is isomorphic to the formal fibre over z := 'ip'iv) in 
o5^' (see |Gu4| . Proposition 2.9). For zi :— pi{z), we get the following isomorphism 
of formal fibres: 

x'+iij) = (^1) X (^2)^(6)- (19) 

The {d — r)-dimensional ball ^^2'^ does not contribute to Val. Using the analogue 
of the claim for the polytopal domain deduced after (fH)) . we get 

Val (X;(?5)) = val {{.yir+iSi)) = val (^-^(rO) - r. 

This proves the second formula in (fTS]) . □ 



Remark 5.8 Let he a formal afhne open subset of as in Proposition 
and let ip : ^ — S^i x S^i be the etale morphism from 15. ll Let us consider 
the composition -f/;! : ^1 of the first projection with i\j and let V'l : — > 

be the base change of induced by the polytopal decomposition '3). We have seen 
in the above proof that the preimage of any stratum of ,5^[ with respect to is a 
stratum of 

Recall that 3^" = (X"Y~^^^ and that we have a canonical morphism l' : S^" 
3ty' extending the identity on the generic fibre. 

Corollary 5.9 Let R G str(X") with corresponding open face r of ^ . 
(a) dim(T) = codim(i?, X"). 
(h) S := l'{R) G str(^')- 

(c) R S is a fibre bundle with fibre (Gm)i™^''^'' 
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(d) Every stratum of X" is smooth. 

(e) The closure R is the union of the strata of X" corresponding to the open faces 
a of '2! with r C a". 

(f) For open faces ti, T2 of S> with corresponding strata Ri, i?2 of X" , we have 
Ti Gt2 if and only if Ri D i?2 • 

(g) For an irreducible component Y of X" , let be the unique point of X' with 
reduction equal to the generic point ofY. Then Y t—i- S^y is a bijection between 
the irreducible components of X" and the vertices of S! . 

Proof: We use the proof of Proposition 15.71 By [Gu4j . Proposition 4.4, we have 
dim(T) = codim(T{,^/). Using that R is locahy equal to {li)'-^)-^ {T[) and the 
smoothness of V'l, we get (a). Let S G str(^') with r C rehnt(A5). By (a) and 
(fTS)l . we deduce (b) and (c). Since S is smooth by Proposition \b.2\ c]. we get (d) 
from (c). 

Since strata are compatible with localization, it is enough to prove (e) in case of 
Sy' — for a formal affine as in Proposition IS . 2l such that S is the distinguished 
stratum of £' associated to . Since is flat, we get 'R = By [Gu4] . 

Remark 4.8, T[ is the union of all strata of corresponding to the open faces a 
of 2 with D r . If we take preimages of this decomposition, we get (e) . Note that 
(f) is a consequence of (e). 

By using the unique dense stratum of an irreducible component, it follows from 
(a) and Proposition 15.71 that the map Y ^ Val(^y) is a bijection between the 
irreducible components of X!' and the vertices of 2l . To prove (g), it remains to see 
that G S'(,^'). There is a formal affine open subset of as in Proposition 
Owith Y r\'^' ^% and an etale morphism V : ^ ^ = x By Remark 
15.81 there is an irreducible component Z of S^' such that i>{i,y) = i,z- Since i\} is 
etale, it is enough to prove that t,z S S'(^) (see |Ber5j . Corollary 4.3.2). Since 
Z = X ^2 for the irreducible component of =5^i corresponding to the vertex 
u = Val(^y) of 2 (see |Gu3| . Proposition 4.7), it is easy to see that the point 
from 15.31 reduces to the generic point of Z and hence we get = proving the 
claim. □ 

5.10 For the remaining part of this section, we fix the following situation: Let A 
be an abelian variety over K with uniformization E such that A^'^^ = EjM as in 
14.11 We recall that M is a discrete subgroup of i?(K) such that val : E M" maps 
M isomorphically onto a complete lattice A of M" . 

We assume that we have a morphism (po : jz/q, where J^' is still a strictly 

semistable scheme over K° and x/q is the Mumford model of A associated to a F- 
rational polytopal decomposition 'rfo of R"/A. Let f : X' ^ A he the generic fibre 
of ipo- 

Proposition 5.11 There is a unique map f^g : S{,9^') M"/A with f^g o Val — 
val o f on X' . The map f is continuous. For every S G str(^'), the restriction 
of f^ff to the canonical simplex As is an affine map and there is a unique A £ "^q 
with /jjff(relint(As)) C relint(A). 

Proof: We recall the construction of £/o given in l4.7l Let Y he a formal affine open 
subset of the formal abelian scheme ^ which trivializes the Raynaud extension ^ 
of A. For the generic fibre V oi Y and A G '^q, we get a formal affinoid subdomain 
Uv,A of E with associated affine formal schemes '^v,A- With varying V and A, 
we get a formal affinoid atlas on E with associated K°-model (fo of E which is 
covered by the formal open subsets "^v.A- By passing to the quotient by M, we get 
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-s^o — "^0 /M and the quotient morphism maps '^v,A isomorphically onto the formal 
open chart '^[y,A] of £/o- 

There is a formal open covering {'^'} of as in Proposition 15.21 such that 
for any of the covering, there are V,A as above with C fo^i'^lv.A])- We 
denote the generic fibre of by U'. By construction, there is a unique lift F : 
U' Uv,A of /. Now we use the coordinates xi, . . . ,Xn of the torus T from the 
Raynaud extension ([4]) of A. They are defined on Uv.a by using the trivialization 
Uv,A = VxUa from 132] for the polytopal domain Ua of T. Note that F*{x,) is 
a unit of [/'. By [Gu4, Proposition 2.11, there are Ui G ^{'^')^, nii G Z'^+i and 
A,: e with 

F*ix,)^X,u,ri^T' (20) 

for i = 1, . . . , n, where ip : ^2^' ^ = S^i x is again the etale morphism and 
x' — (xg, . . . ,x'^) are the semistable coordinates from 15. II Let S G str(^') be the 
distinguished stratum of X' associated to . Then the canonical simplex A5 
may be identified with the simplex {uq + • • • + = f (tt)} in R'J_'*'^ and we define 
/aff : As ^ M" by 

/afiK, ...,<):= (m, • u' + «(A,)),^i . (21) 

We note that this definition depends only on |Ai|, \x'^ and nij, hence it is inde- 
pendent of the trivialization of C/y,A- If we change Y and A, then the new lift is 
obtained from F by an Af-translation. We deduce easily that the locally defined 
maps /aff induce a well-defined map /aff : 5(<^') — > R"/A. All the claimed prop- 
erties follow from the construction and uniqueness is clear from surjectivity of Val. 
□ 

Remark 5.12 More generally, Berkovich ( [Ber5| . Corollary 6.1.2) has shown that 
a morphism between strongly non-degenerate pluristable formal schemes over K° 
induces a piecewise linear map between the skeletons. Now Proposition 15.111 de- 
scribes precisely the domain of aflineness and we will see in Remark 15.191 that this 
holds also if X' is a strongly non-degenerate strictly pluristable formal scheme over 
W. 

By Proposition 14.81 and Proposition 15.71 we conclude easily that every stratum 
of is mapped into a stratum of s^q. This will be proved in a more general 
context in Lemma 15.151 The preservance of strata is a key fact which will allow us 
to describe canonical measures on X = f{X') in terms of the skeleton of 

Proposition 5.13 Lefts' be a T -rational polytopal subdivision of^So with associated 
Mumford model of A. Then si/Y is the formal analytic variety X" 

from Provosition \5.5\ associated to the T-rational subdivision & of S{2^') given by 

& := {As n/:^ (a) I S G str(^'),^ e 

Proof: We will use the notation from the proof of Proposition l5.11l Let cr G be 
contained in A G "^o, let V be the generic fibre of a formal afhne open subset ^ 
of and let be a formal afline open subset of ,9^' as in Proposition 15.21 with 
930 C^') C "^[VAV Then the sets 

form a formal affinoid atlas of (^'' x^^^ a^) . We have U\^v,<j] — U[v,a] Hval ia) 
and hence Proposition 15. 1 II vields 

U' XA^n U[v,a] =U'n (^^r\a)) =U'n Var^ (/^ff (a)) . 
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Let S be the distinguished stratum of associated to Therefore, we have 
Val(?7') = As and we deduce 

x.^j,^, ^[v,.])"" = u'n Vari(a') 

for the polytope a' :— /aff (ct) fl A5 e These sets form the formal affinoid atlas 
(dll) for X" proving X" = ( JT' x^^ j^)^"''". □ 

Proposition 5.14 We keep the above assumptions and notation. Then X" is the 
coarsest formal analytic variety on X' such that f : X' A^"^ induces a formal 
analytic morphism (j) : X" — > jz/^^'^'^. If R is the stratum of X" corresponding to the 
open face r of 2i , then (f>{R) is contained in the stratum of si corresponding to the 
unique open face 'a of '^^ with /aff(''") C ct. 

Proof: The first claim is clear by construction. By definition of S^, there is an 
open face of with /aff (t) C ct. If tt denotes the reduction map, then we get 

4>iR) = ^(^(Vari(T))) = ^(/(Vari(r)))™^M"'(a)). 

By Proposition 14.81 we deduce that <j>{R) is contained in the stratum of s/ corre- 
sponding to a. □ 

Again, let be the admissible formal K°-scheme associated to the formal 
analytic variety X" from Propositions 15.131 and 15.51 The following commutative 
diagram gives an overview of the occuring canonical morphisms of admissible formal 
schemes, where (oq (resp. S") is the K°-modcl of the uniformization E associated 
to ^0 (resp. as in 14.71 and where the vertical maps extend the identity on the 
generic fibre. 

JT" — ^ 

(22) 

^0 

Lemma 5.15 Let R e_stT{£'"). Then S := T'{R) is ajtratum of X' . The re- 
stricted morphism (pQ : S ~* .-b/q — Sq/M has a lift : S S'q, unique up to the 
M -action on S'q. Moreover, there is a unique lift s^if of (p : R ^ si = S jM 

with $0 o i' = t o $ on R. 



Proof: The first claim was proved in Corollary 15.91 The proof of the remaining 
claims follows standard arguments from the theory of coverings (applied to the 
quotient maps po : S'q ^ s/q = Sq/M and p : S ^ s/ = <S /M): 

Let Y be an irreducible component of ^ with <^o('S') C Y . By Proposition l4.8l 
Y corresponds to a vertex u of and Pq"^ (y) is the disjoint union of the irreducible 
components Y^ of <Sq associated to the vertices u of with residue class u G K"/A. 
Moreover, is mapped isomorphically onto Y by po- Using composition with the 
inverse F ^ Yu of this isomorphism, we get the desired lift $0 of the restriction of 
ipo to S. Uniqueness up to the M-action on Sq is obvious. Similarly, we get a lift 
$ of the restriction of to i? by working with ^i" instead of "ifo- The lift $ is also 
unique up to the A/-action on S . 

It remains to prove that determines $ uniquely by the condition $o°t' = 1°^. 
Let us choose x' e i? and let i := i'(i'). Note that the lift $0 is uniquely determined 
by choosing an element y £ p^^((^o(i)) if we require $0(2;) = V- Similarly, $ is 
determined by $(£■') — y' for some y' G p^^{<f{x)). Since M acts faithfully and 
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transitively on pQ ^{^po{x)) (resp. on p ^{'f(x))), there is a unique y' with = y. 
Note that po and p are local isomorphisms. Since <^o ° ^' = '■o ° 'P, this lifts to the 
identity <bo o 1' = 1 o <b on S for a unique $. □ 

Remark 5.16 We may use the same techniques to construct a lift of the morphism 
f : X' ^ = E/M to the uniformization E of A. In general, such a lift does not 
exist globally on X'. By [BL2] . Theorem 1.2, such a lift exists if ffi(X',Z) = 0. 
Let us consider the formal open subset Us ■= Val~^(A5) of X' for the canonical 
simplex A5 associated to a stratum S of Then Us is the generic fibre of a 
formal open subset '^5 of Obviously, '^s is strictly semistable with skeleton 
As- Since the skeleton is a proper deformation retraction of the generic fibre, we 
get H^{Us, Z) = and hence we may apply the above results to get the desired lift 

F :Us ^ E of f\us- 

Note that it is not necessary to appeal to such sophisticated results. We may just 
use Proposition [5lTT] to conclude that f^g{As) is contained in a polytope A e 
and hence f(Us) is contained in the formal open subset val (A) of A^". The 
preimage of val ^(A) in E is the disjoint union of the formal open subsets val~^(A), 
where A ranges over all polytopes of '^S'o mapping (bijectively) onto A with respect 
to the residue map M" M"/A. Obviously, M acts faithfully and transitively on 
the set of all such val~^(A). Since the quotient morphism p : E ^ A™ = E/M 

maps val~^(A) isomorphically onto val (A), we get a lift F : Us ^ E oi the 
restriction of / to L/5, unique up to the M-action. Note that this construction was 
partially used in the proof of Proposition [5TT1 

By Proposition 15.111 we get a unique map /aff : As — > K" such that /aff o 
Val = val o F on Us- Moreover, /as is afHne on As- Conversely, every lift of 
/jjff : A5 — > M"/A to M" is an affine map /ag : A5 R" and there is a unique lift 
F : Us ^ E oi the restriction of / to Us such that /aff o Val = val o F onUs- This 
follows from the fact that the lift of f is unique up to A = val(Af )-translation. 

Finally, we note that we may use such lifts F to construct the lifts : S 
and ^ : R ^ S from Lemma 15.151 We will give the construction for $0 , but 
everything works similarly for $. The map / is the generic fibre of the formal 
morphism ipQ : 2^' — > ^0 and 'Ws is a formal open subset of , hence the lift F is 
the generic fibre of a formal lift $5 : '^5 S'q of(pQ. We conclude that the reduction 
$s agrees with a lift $0 from Lemma [5T5] on the dense stratum S of S. Similarly, 
we could argue for every other stratum T C S to describe the restriction of $0 to T 
as the reduction of a formal lift of ipo. However, it is not always possible to describe 
$0 by the reduction of a single formal lift defined on a formal open subset of 
The problem arises if there are two strata Ti ,T2 in S such that /aff ( A^i ) U /aff ( At2 ) 
does not map bijectively onto /^^{Ati) U /^^^(Atj). In this case, the lift F will 
be multivalued on Ut^ U Ut2 and the above covering argument breaks down. This 
problem can be omitted if we start with a sufficiently fine polytopal decomposition 
"^0 of R"/A and then $0 is indeed the reduction of a single formal lift. 

5.17 Our goal is to compute the degree of an irreducible component Y of X" with 
respect to a line bundle ^ on This can be done in terms of convex geometry 
under the following hypotheses fulfilled in our applications: 

We still have our abelian variety A over K with uniformization E and the 
morphism (po : where ^ is the Mumford model of A associated to 

the P-rational polytopal decomposition of ]R"/A and where 3^' is a strictly 
semistable formal scheme over K° with connected generic fibre X' . We assume 
that the generic fibre j : X' ^ of (ySo is proper and hence the special fibre 
</?o is also proper (see |Gu2j . Remark 3.14). Let ^1 be a F-rational polytopal de- 
composition of R"/A with associated Mumford model ^1 of A. We choose now 
¥ := ^ n ^ := {Aq n A7 I A^ e ^ , A7 e ^}. Let ^a?' be the Mumford model 
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of A associated to We apply Propositions 15. 13l and to this setup. By (j22p . 
we get the fohowing commutative diagram of canonical morphisms of admissible 
formal schemes over K°: 



,1 f 



(23) 



Recall that all admissible formal schemes in ([23|) are associated to formal analytic 
varieties and that the morphism ip is determined by the fact that the rectangle is 
cartesian on the level of formal analytic varieties. 

By Corollarv l5.9l the irreducible component Y of corresponds to the vertex 
u' = of the F-rational subdivision 

^ = {A5 n/:^ (a) I s e str(£'), a G ^} 

of S{^''). There is a unique S £ str(^') such that u' e relint(As). If S' is 
the dense stratum in Y, then Corollary 15.91 vields S — l'{S'). We choose a lift 
/aff : A5 R" of /aff . By Lemma I5.15[ there is a lift $0 : ^ 4) (resp. 
$ : y ^ ) of (^0 (resp. <f) to the special fibre of the formal ]K°-model S'q (resp. 
S") of E associated to '^0 (resp. with o T' ^ I o ^. 

Let L be a line bundle on A. The role of £/i becomes now clear as we assume that 
L has a formal K°-model ^ of L on s/i corresponding to a continuous piecewise 
afHne function fj^ as in Proposition 14.111 (applied to ^1). We assume that g := 

° /aff is convex in a neighbourhood of u'. In the light of Proposition 14.121 this 
is a natural positivity assumption for We have seen in 15.31 that we may identify 
A5 with the simplex {w'q + ■ • • + — ^(Tr)} in M!(_"^^. In the following, it is more 



convenient to identify A5 with the simplex {? 



w'j. < v{tt)} 



obtained 



by omitting the coordinate w'q. Then we define a polytope {u'}^ in K'' by 

{u'}f := {cj e K'' I w' e A G starr(u') ^ to ■ {W ~ u') < ^(w') - g(u')}, 

where starr(u') is the set of r-dimensional polytopes in ^ with vertex u'. The 
volume of {u'}^ with respect to the Lebesgue measure on W will be denoted by 
vol({u'}3). By 14.31 there is a line bundle Jff on the formal abelian scheme 3§ from 
the Raynaud extension ^ such that p*(L™) — q*{H) for the generic fibre H of 
and the canonical morphisms p : E A^" — E/M, q : E ^ B — We have 

now the following commutative diagram of varieties over K: 



Y 



S 



S 



(24) 



la 



For simplicity of notation, we will write deg_5«(y) for the degree of Y with respect 
to the line bundle (l\ o and similarly for other degrees. It is always under- 

stood that we use the pull-backs of the line bundles with respect to the canonical 
morphisms from or ([M)) . 

By Proposition 15. Ill it is easy to deduce that 



= {A5 n /aff {a)\Se stT{£'), a € 



(25) 



There is a unique Ai G with u := f^f^{vi') G relint(Ai). Since the vertex u' of 
2i is contained in relint(A5), it follows from (P5)l that 



{u'} = (Ai) n As, {u} = Ai n /aff (A5). 
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The first equality yields that the affine map /aff |as is injective and hence f^g{As) 
is a (d — e)-dimensional simplex in K^/A, where d :— dim{X') and e := dim(S') = 
d — dim(A5). We make now the transversality assumption 

d-e = codim(Ai,R"). (26) 

Proposition 5.18 Using the assumptions from \5.17\ we have 

deg^(r) = ^.deg^(^).vol({u'n. 

Proof: Let (oi be the K°-model of E associated to "^i. In the following, we will 
always use the canonical morphisms pi : S'l ~f qi : Si ii : S Si and 

$1 :— iio$ to compute degrees. Usingp*(L™) = q*{H), we have the decomposition 

p*l{^) ^ qliJ^) ® ^g,{f^) (27) 

for a formal IK°-model ffg-^ifse) of Oe on Si. The reason behind the notation is 
that the formal metric on the trivial bundle Oe associated to the formal model 
^Siif^) (see Example 13.31) satisfies 

- logPIU^j/^) = oval, (28) 

where s is the unique meromorphic section of ^s'lif.y) extending the canonical 
section 1 of Oe- This follows immediately from the definition of in ([5]). In the 
decomposition (|77)1 , ql {J^) refiects the contribution of the abelian part to ^ and 
^Si (/sf ) measures the combinatorial contribution from the polytopal decomposition 
"^1 and from the piecewise affine function f^. We deduce 

deg^(r) = ^(J)d,(r), (29) 

1=0 ^ ^ 

from m, where de{Y) deg^^ ^ ^ ^ ^ ^ (/^) (^)- 

V V 

I d-t 

Our goal is now to prove that d^iY) = ior £ ^ e and to compute de{Y) using 
the projection formula with respect to : F — > 5 and 

I.* (r(^)) = (?')* {qo (^^))) (30) 

obtained from ([M)) . 

S'iep i.' r/ie cycle class ci(^^j (/jf ))'^~^.y in CH[Y) is algebraically equivalent to 
a strata cycle ofY. 

It is always understood that ci(^^^(/^)) operates by pull-back with respect 
to $1 on Y. Again, we denote by s the unique meromorphic section of ^s'lifji') 
extending the canonical section 1 of Oe- It is enough to show that div(s).S'" is 
algebraically equivalent to a strata cycle of Y for every 5"' G str(^") with S" C Y. 
We have seen in Proposition l5.14l that (p — (/) maps strata into strata. By Proposition 
14.81 we easily deduce the same property for li. Passing to the hft $1, we see that 
<I>i(S"') is contained in a stratum Z oi Si. By Proposition 14.81 Z corresponds to 
relint(tT) for a unique tr G "^i. Using 

./j^(u) = • u + v{aa) 

on a with mo- G Z" and a„ G , we deduce from that the Cartier divisor 
div(s) is given on vaP^ (tr) by -x™" . Here, we consider x — x™" as a meromorphic 
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section of qH^x) which restricts to a nowhere vanishing global section on the generic 
fibre q*{Oy,) (see 14. 2p . We consider the Cartier divisor D div(s/(a(j • x™")) on 
(oi. It has a well-defined reduction D on a neighbourhood of Z which is trivial on 
(val~^(cr))~ and hence $|(_D) is a Cartier divisor on Y which is trivial on S". Since 
S" is a strata subset, ^1{D).S" is a strata cycle in Y. We have seen in 14.21 that 
^x is algebraically equivalent to and hence ^{D)\-^ is algebraically equivalent to 
^Si{f^)^\-z- By construction, div(s).S'" is algebraically equivalent to ^1{D).S" 
proving the first step. 

We need an explicit description of the Cartier divisor $*(£>) on Y from step 
1. Let be a formal affine open subset of as in Proposition 15.21 with etale 
morphism ip : = x S^i such that S is the distinguished stratum of X' 

associated to Passing to a formal open refinement, we may assume that (^o('^') 
is contained in a formal trivialization of the Raynaud extension ([3]) and hence the 
torus coordinates xi, . . . , a;„ make sense on lpq(^^'\ 

We denote by the K°-model of the polytopal domain ^™ in (G^)™ associ- 
ated to the refinement ^ n A5 and let ^" We have seen in Remark 
[Eg] that i]}' : ^" ~> .5^' ^ y[ x ^2 is the base change of 1/' to .5^' and hence V' is 
etale. Let : be the composition of the first projection with ?/' and let 
■01 be the base change of t^Ji to S^[. Then is a smooth morphism such that the 
preimage of a stratum of is a stratum of (see Remark 15. 8p . We conclude 
that n is dense in an irreducible component of which we denote by 
Fu'- This notation is justified by the fact that the irreducible components of 
are in bijective correspondence with the vertices of ^ fl As (see [Gulj . Proposition 
4.7). 

Ste'p 2: There is a Cartier divisor Di on Y^i with (0j)*(_Di) — <f>i(D)|yj-|^„. 

By Remark 15.161 the lift $1 : y n ^" ^ A is equal to the reduction of a 
suitable hft F -.U' ^ E of f. Moreover, F induces a lift As M" of /^^g. We may 
assume that the lift is equal to the /aff from 15.171 Indeed, fas is determined up 
to A-translation and hence the polytope {u'}^ is also determined up to translation 
which does not affect the volume in Proposition [5T8l 

We consider the polytopes 1/ of with closed face Ai from 15.1 71 We have seen 
in the first step that the Cartier divisor D is given on vaP^ (t^) by (a^/ag.) -x™""™" . 
It follows easily from the definitions that the polytopes /i := (/aff)~^(j^)nAs are just 
the polytopes of fl As with vertex u'. By Proposition 15 . 71 and Corollarv l5.9l the 
reductions of the formal open subsets Val~^(^) cover Y. By construction, F induces 
a formal morphism $1 : ^ with reduction $1 and hence $*(!)) = {^1{D))" 

on y n By |Gu4] . Proposition 2.11, there is an n x r matrix M with entries in 
Z, 7i e ^i'^')'' and A £ (K><)" with 

F*{x,) = A. • 7. ■ ir'n^'i)''-' ■ ■ ■ {rn*{4f'"- 

on the generic fibre U' oi for « = 1, . . . , n. We have seen in (PT]) that 

/aff(w') = Afw' + A 

for w' — {w[, . . . , w^) G As. Note that we use here the identification of As with 
the simplex Es ■= {w'l + ■ ■ • + < v{n)} in R'^ which is different from the one used 
in (j2ip . Let y :~ (x'l, . . . ,x'^). We conclude that <I>J(_D) is given on 

by 

for some 7 G ^('^')^. For a Cartier divisor, such a unit 7 can be omitted. Let 
Ufj, e with u(q!^) + ((nil, - nio-)* • M) • u' = 0. Then ^1{D) is given by ■ 



5 SUBDIVISIONS OF THE SKELETON 



30 



(^an)*(y)(m„-m„)* M Var^(^) fl U' . ThesB functions are also defined on the 
formal open subsets var^ (^i) of {yiy-^''. Let % be the formal affine open subset of 
y( associated to val~^(^) and let Di :— {'^p, a^-y^'"''^™"^' *^} with ^ ranging over 
the polytopes of i^n A5 with vertex u'. It is easy to see that Di is a Cartier divisor 
on the open subset Up '^/^ of ^1 containing Y^. We conclude that (-01)* (-^i) = 
proving the second step. 
We note that the Cartier divisor Di depends on the choice of the stratum S", 
but the linear equivalence class of the Cartier divisor Di is independent of S" and 
hence the same is true for the linear equivalence class of Di on Y^' ■ 

Step 3: di{Y) = Ofori^e. 

If £ > e, then ci(^^j (/^ ))'^~'^.y has dimension £ > e — dim(5) and hence the 
projection formula with respect to t' : F — > 5 and ([50]) prove 

ddY) = deg (ci(^)^.ci {^s,ifj^)f-'.Y) 

= deg (ci(^)^r: (ci {^sdfj^)f-' .y)) = 0. 

It remains to consider £ < e. We will use the first step for the dense stratum 5" 
in Y (instead of S"). We conclude that $i(S") is contained in the stratum Z of 
corresponding to relint(Ai). By Proposition 14.81 we have dim(Z) = dim(A) — 
dim(Ai). By the construction in the first step, the cycle class 

is algebraically equivalent to a cycle supported in Zi for a strata subset Zi of 
codimension > d ~ £ in Z. We have 

e = d - codim( Ai , W) = d + dim(B) - dim(Z) 

by our transversality assumption. Using £ < e, we get 

dim(Zi) < dim(Z) - {d - £) ^ dim(S) +e~e< dim(B). 

By Proposition 14.81 all strata of A have dimension > dim(i3) and hence a is 
algebraically equivalent to 0. The projection formula shows now that 

d,(y) = deg(ci(^)^.(l>i), (cl(^^,(/^))''-^r)) =deg(ci(^)^.a) =0. 

Step 4: d,{Y) = {d- e)\ ■ deg^(S) ■ vol({u'}9). 

Recall that r — d — e. By the first step, we know that ci {^Si {fj^)Y -Y is 
algebraically equivalent to an e-dimensional strata cycle W of Since W has 

support in Y , its components have the form 5'^, where Si G str(^") corresponding 
to an open face of &s H As with vertex u'. This follows from Corollarv l5.9l as well 
as the fact that V maps Si isomorphically onto S. 

Now we will use the formal open subset :— (t')^^('^') of from step 
2. Since l'{Si) = S", we have Si n ^ 0. The same holds for every stratum 
relevant in the intersection process for W described in step 1. We conclude that 
we may compute W on We note that ip'i '■ ^ ■S^i is a smooth morphism 
and that the stratification of is obtained by the preimages of the stratas of 
(see Remark I5.8|) . By the second step and the compatibility of flat pull-back 
with the intersection operations (see [Fulj . Proposition 2.3), the intersection process 
on Y leading to W Ci^" may be first performed on Yu' giving a cycle W 
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and then n = {i}[)*{W'). To obtain W, we have just to replace Y by 
Yu' and the Cartier divisors ^1{D) by Di. It is clear that W' — 'Y^niS[, where 
the 0-dimensional strata 5*^' of ,5^[ correspond to the same open faces as the Si. 
We deduce W = ^riiSi and '^ni — degjj^ ( Yu' ) . Using projection formula with 
respect io V -.Y ~^ S and (PO]) . we get 

= deg(ci(^r-W') =deg {ci{.^Y.t{W)). 

We have noticed that Si ^ S and hence we get 

d,{Y) = deg,^(^) Y,ndSl:S]= deg,^(5) deg^^ {Y^,). (31) 

i 

To compute the degree of Y^i, we will use the theory of toric varieties. The projec- 
tion given by (xg, . . . , x'^.) ^ {x[, . . . , xj,), leads to an isomorphism of 

o5^/~™ with the polytopal domain vaP^(S5) for the simplex S5 := {w[ H \-w'^ < 

v{tt)} in R!j_. We recall from 15.171 that we identify with A5 and hence Yu' is 
equal to the (G^)£-toric variety associated to the vertex u' of n E5 (see |Gu4) . 
Proposition 4.7). As in the second step, let v G 'rfi with closed face Ai and let 
^ := f^e{v) n Ag. Then the polytopes jj, are just the polytopes of n with 
vertex u'. We have seen in the second step that the Cartier divisor Di is given on 
the formal open subset val~^(/x) of by a^t • y(™^-™^) -^^ _ in the theory of 

toric varieties, the Cartier divisor -Di|y^, induces a polyhedron P as the set of all 
uj with 

y^^r' e e starr(u') ^ w ■ (w' - u') < (m,^ - m^)* • M ■ (w' - u'). 

It is easy to see that P is a translate of our polytope {u'}^. By |Fu2j . §5.3, Corollary 
on p. Ill, we get 

deg^^ (YuO = r! • vol(P) r! • vol({u'}S). 

Together with ([?T|) . this proves the fourth step. Finally, the proposition is a conse- 
quence of ((29)) . step 3 and step 4. □ 

Remark 5.19 Berkovich has defined the skeleton S{^') more generally for a non- 
degenerate pluristable formal scheme over K° and he has shown that S{^') has 
a canonical piecewise linear structure (see |Ber5) l. If is strongly non-degenerate, 
then there is a well defined proper strong deformation retraction from the generic 
fibre X' to S{,S^') which generalizes the map Val. 

All the results of Section 5 can be generalized to a strongly non-degenerate 
strictly pluristable . This is based on the following facts proved in the appendix: 
The linear pieces of S{^') are given by canonical plurisimplices As corresponding 
to the strata 5* of . Moreover, A5 is a polytope with associated polytopal domain 
Uas (see 14.51) . In analogy to Proposition 15.21 consists locally of open building 
blocks such that S{'^') is a canonical plurisimplex A5 of S{^') and there is 
an etale morphism t}; : ^' ^ U^aJ""^. 

Similarly as in the strictly semistable case, this allows us to prove the results of 
this section by using well-known results for polytopal domains. Moreover, we could 
replace strictly semistable formal scheme in Section 6 by strongly non-degenerate 
strictly pluristable formal schemes. This is straight forward and we leave the details 
to the reader. 

6 Canonical measures 

In this section, K is a field with a discrete valuation v. We denote by K the 
completion of the algebraic closure of K. Note that IK is algebraically closed ( |BGR| . 
Proposition 3.4.1/3) and the value group F is equal to Q. 
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We consider a geometrically integral rf-dimcnsional closed subvariety X of A over 
K. In §3, we have defined canonical measures on X. Now we will compute them 
explicitly in terms of convex geometry. The main idea is to choose a Mumford model 
of A and a semistable alteration of X to apply the results from §4 and §5. Note 
that the restriction to geometrically integral varieties is no serious restriction. In 
general, we may perform a finite base change and then we can proceed by linearity 
in the components. 

6.1 For our computations, Proposition 15.181 will be crucial. To fulfill its trans- 
versality assumption ([^5]) . we have to choose the polytopal decomposition of the 
Mumford model "completely irrational". We choose an infinite dimensional Q- 
subspace F' of R containing Q. By [Bou| . Ch. VI, n° 10, Prop. 1, there is an 
algebraically closed field K', complete with respect to a valuation v' extending v 
such that the value group w'((K')^) is F'. 

6.2 We denote the analytic space over IK associated to X by X'^'^. Let "^^o be a 
rational polytopal decomposition of M"/A with associated Mumford model jz/q of 
A'^'^ over K°. We denote the closure of X**" in jz/q by which is a formal K°- 
model of X'^'^ (see (Gu2) . Proposition 3.3). By de Jong's alteration theorem (\d3\. 
Theorem 6.5) applied to a projective K°-model of X^" dominating J^Tq (see |Gu3) . 
Proposition 10.5), there is always a semistable alteration ipQ : 3t^' which 
means that the generic fibre f : X' ^ X™ of 95 is a proper surjective morphism 
and X' is an irreducible d-dimensional analytic space which is the generic fibre of 
a strictly semistable admissible formal scheme over K°. It follows from [Gu2| . 
Remark 3.14, that is a proper surjective morphism between the special fibres. 

6.3 We will use the notations from the previous sections. Let E be the uniformiza- 
tion of A, i.e. A™ = E/M for a discrete subgroup M in E with complete lattice 
A = val(M) in R". Let S'o be the K°-model of E associated to the polytopal 
decomposition % of R" (seeKT}. 

Let S € str(,^') with canonical simplex Ag in the skeleton S{^'). By Lemma 
15.151 there is a hft $0 : 5 — > (Sq of 1^0 : 5" ^ M), unique up to the M-action on (Sq- 
1{ Qo : S'o ^ ^ denotes the unique morphism extending q : E ^ B = SS^'^ from 
the Raynaud extension then go ° 'J'o is unique up to (/(M )-translation on the 
abelian variety SS over K. 

A canonical simplex A5 is called non- degenerate with respect to the morphism 
/ if dim(/afj(As)) = dim(As) and dim(go ° *o(5')) = dim(S'). This definition 
does not depend on the choice of the hft $9. Moreover, it depends only on 
and /, but not on the choice of 'ioQ. This means that if we have a second rational 
polytopal decomposition of R^/A with associated Mumford model jz/J and with 
a semistable alteration Lp'^ : S^' such that the generic fibre is again /, then the 

definitions of non-degenerate canonical simplices agree. Indeed, the independence of 
the first condition is obvious and the invariance of the second condition follows from 
an easy diagram chase involving Lemma l5.1 51 bv passing to the common refinement 

6.4 Let S be a A-periodic set of polytopes such that S := {ct C R"/A | o- G E} is 
a finite set. If cr is a polytope in E, then we assume that all closed faces of a are 
also in S. Let Ag- be the affine space in R" generated by the polytope a. 

The polytopal decomposition of R"/A is said to be 'E-generic if the following 
conditions hold for every cr S S, A £ ^: 

(a) dim(ACT n Aa) = D if D := dim{a) + dim(A) - n > 0, 



(b) A^ n Aa = if < 0. 
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By [Gu4| ■ Proposition 8.2, every E-generic is ^-transversal which means that 
A n cr is either empty or of dimension dim(A) + dim(o') — n for all A G "if , cr G E. 

Lemma 6.5 Let L be an ample line bundle on A. Then there is a T' -rational 
polytopal decomposition o/M"/A with the following properties: 



(a) -^"^^i is Yi-generic and hence Y^-transversal for all m G N \ {0}. 

(b) If £^1 denotes the formal -model of A^,/ associated to "^i, then there are 
N G N \ {0} and a formal (K')" -model ^ of L^^ on corresponding to 
a function f^ as in Proposition \4-ll\ which is a strongly polyhedral convex 
function with respect to ^i. 

Proof: In [Gu4j . Lemma 8.4, this was proved for a totally degenerate abelian 
variety A. Using Proposition 14. Ill the same proof applies here. □ 

6.6 We keep the assumptions from 16.21 and we consider an ample line bundle L on 
A endowed with a canonical metric. 

Let As be a canonical simplex of the skeleton S{^') which is non-degenerate 
with respect to /. Bv l5.31 we may identify A5 with the simplex {u'q+- ■ ■+u'^ — v['k)} 
in R!j_"^^. In the following, it is more convenient to identify A5 with the simplex 
E5 := {u' G M!j_ I u'l -\- ■ ■ ■ -\- u'^ < v{tt)} by omitting the coordinate Mq. Let us 
choose an affine lift /aff : A5 ^ M" of the map f^g from Proposition 15.111 Using 
the identification A5 = E5, there is a unique injective linear map f^"-* : MJ" R" 
extending /ag - /aff (0). By 1^, e^°^ is defined over Z and hence As := 
is a complete rational lattice in W . The positive definite bilinear form b associated 
to L (see I4.3p induces a complete lattice 

Ai :={6(4"'(-),A) |AgA} 

on (W)* = W . We denote by vol the volume with respect to the Lebesgue measure 
on R^ 

There is an ample line bundle on the abelian scheme from the Raynaud 
extension (g]) of A with generic fibre H such that p*{L) = q*{H) on E fsee l4.3p . As 
in l5.17l we define the degree deg_^(5) of 5* G str(^') by using the hft ^0 : S ^ (oq 
and qo : r^o ^ SS. 

Theorem 6.7 Under the hypothesis in I G. 61 the support of the positive measure 
M •— (^i{f *{L))^'^ is equal to the union of the canonical simplices of S{,9y') which 
are non- degenerate with respect to f. For a measurable subset fl contained in the 
relative interior of such a simplex As and r := dim(A5), we have 



{d~r)l '^^S^^^^ vol(As) 



M(f^) - 7:r— TT • deg^(^) ■ ' vol(f^). (32) 



Remark 6.8 The theorem generalizes easily to several canonically metrized ample 
line bundles Li,. ..,Ld on A. Let fi := ci(/*(Li)) A • • • A ci(/*(Ld)) and let J^j 
he an ample line bundle on 3§ with p*{Lj) = q*{Hj). Then the support of fj, will 
be again equal to the union of all canonical simplices As which are non-degenerate 
with respect to /. 

We are going to describe the canonical measure fi{^) for any measurable subset 
of a canonical simplex A5. For r := dim(A5), let vol(Ag\ . . . , A^'') be the 
mixed volume in R'' of the corresponding fundamental lattices. This is a positive 
number which agrees with vol(A') if all lattices A^' are equal to a single lattice A'. 
Moreover, the mixed volume is symmetric and multilinear with respect to Minkowski 
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sum of fundamental lattices. We conclude that vol(Ag^ , • ■ • , A^'') is multilinear and 
symmetric with respect to the line bundles Li, . . . , Lr- For more details, we refer 
to [Uu4] . A6. 

The generalization of Theorem 16.71 can be stated now as 

^rlY, deg^^.^ (S) ■ ^^^^^^Cl^^'J^^'^^^ ■ vol(^^), (33) 

where i ranges over {1, . . . , d}^ with ii < Z2 < ■ ■ • < v and where ji < ■ ■ ■ < is is the 
complement of i in {1, . . . , d}. Both sides of p3p are multilinear and symmetric with 
respect to Li, . . . , i^- Since symmetric real- valued multilinear forms are determined 
by the restriction to the diagonal, (j33p follows from 

Corollary 6.9 If Li, . . . , Ld are arbitrary line bundles on A endowed with canon- 
ical metrics, then ^ :— ci(/*(Li)) A • • • A ci{f*{Ld)) is supported in the union of 
canonical simplices of S{J^') which are non-degenerate with respect to f and the 
restriction of ^ to such a simplex is a multiple of the Lebesgue measure. 

Proof: This follows from (j33p and multilinearity. □ 

Remark 6.10 Theorem 16.71 is well known in the two extreme cases of abelian 
varieties. If A is an abelian variety of potentally good reduction, then ([^^ shows 
that /i = deg^{Y)S^Y with Y ranging over the irreducible components of 
This is a special case of Proposition 13. Sf d) and was first proved by Chambert-Loir 
in \Ch\ . 

If A is an abelian variety which is totally degenerate at v, then Theorem 16.71 
shows that the support of fi is equal to the union of all d-dimensional canonical 
simplices As of S{^') with dim{f ^ff{Asj) = d and we have ^(1^) = d\ ■ vol(Ag) ■ 
vol(ri)/vol(As) for any measurable subset of Ag. This was proved in [Gu4j . 
Theorem 9.6. 

Proof of Theorem 16. 7t By |Gu4j . Remark 3.14, the measure fi is independent 
of the odd part L_ of L. Moreover, L_ does not influence the bilinear form b of 
L and hence we may assume that L is a symmetric ample line bundle. It will be 
crucial for the proof to choose a Mumford model oi A as "generic" as possible. 
Let S be the set of simplices {f^g{As) \ S G str(^')} together with all their closed 
faces. Then we will use the F'-rational polytopal decomposition of R"/A from 
Lemma with associated Mumford model By multilinearity, we may assume 
that the strongly polyhedral convex function f^ from Lemma 16.51 induces a model 
^ of L on For m > 1, let si/^ be the Mumford model of A associated to the 
F'-rational polytopal decomposition := '^q n ^'^i (seelHTTIl)- Note that £/^, 
^ and are only defined over the valuation ring of the "large" field extension 
K'. Since /i is invariant under base change f [Gu4j . Remark 3.10), we may perform 
analytic calculations for [i over K'. 

We fix a rigidification on L such that the given canonical metric || ||can on L 
is given by ^ in Example 13.71 Let i^rn be the closure of X in s^l^. If we apply 
Propositions 1 5 . 1 3l and 1 5 . 1 4l to the polytopal decomposition 'io!^ instead of then we 
get a minimal formal analytic structure on X' which refines (>;?^')^~™ such that 
our given morphism / : X' — > A'*" extends to a morphism : (^Z^)^"™. 
Let ■ ~^ the associated morphism of admissible formal schemes over 

K°. 

Step 1: fj, is the weak limit of discrete measures on X' which are supported in 
the preimages of the generic points of the irreducible components of with respect 
to the reduction map. 
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This will be a consequence of Tate's limit argument (see (HI in Example 13. 7p . We 
may assume that the metric || || in ([2]) is equal to the formal metric || \\^. We 
note that multiplication by m extends uniquely to a morphism ipm ■ -i^m ~^ (^^^ 
pu4] . Proposition 6.4). Then if„ := ^p;J^) is a (IK')°-model of [m]*(L) on <^ 
with associated formal metric [m]*|| || and hence we have /*([m]*|| ||) — || ||^„ for 

the formal (K')°-model := 'P*^{^m) of f*{[m]*{L)) = }*{L)®"'\ By @, we 
get 

||ean= Hm || Wff. 

If we use this uniform limit together with Proposition I3.8[ then we get 

^= hm m-2'i^deg^„(Z),54,, (34) 

Z 

where Z ranges over all irreducible components of 2^^- 
Step 2: A first determination o/supp(/x). 

By Corollary I5.9f e:) and Proposition I5.13[ the points are the vertices of the 

subdivision S)„, := {As n/^^g (ct) | 5 £ str(J?''), ^ £ W^} of S{^''). As we have 
seen in l5.171 a vertex may only occur in the interior of a canonical simplex A5 with 
dim(/jjff (As)) — dim(As). By ([M)) . we conclude that the support oi ji is contained 
in the union of such As. 

Step 3: Transformation of the limit in (|34p into a multiple o/vol(r2). 

To prove (j32p . we may assume that is a polytope contained in the interior of 
a canonical simplex As with dim(/jjff (As)) = dim(As). Using the identification 
As = Ss, the lift /aff : As ^ M" extends to an affine map f^-.W^ M" which 
is also one-to-one and the polytopal decomposition & := {/q"^(A) | A G "^#1} is 
periodic with respect to the lattice As from 16.61 Similarly as in (^5]) , we have 
9rn = {As rij~g{a) I S e stT{£''), a e ^'^i}- We conclude that there is a bijec- 
tive correspondence between the irreducible components Z of ^^J^ with G 17 and 
the vertices u' of — contained in fi. We note that our situation matches with 

m 

15.171 By our above choice of S, the transversality assumption (pS)) in the vertex 
/o(u') follows easily from S-transversality in Lemma [6.51 From Proposition 15.181 
we get 

r/' — 

deg^,,(Z) = - . deg^«„2(^) . voKiu'jS"), 

where e := dim(S') = d — r and gm ■= f ° fo- We deduce that 

deg^„(Z) - ^ • deg^(^) • vol({u'}f'") • m^^. (35) 

We define the dual polytope of the vertex u := rnu' of & with respect to the convex 
function g := f^ o /q : M'' R by 

{u}9 := {tj e R'' I • (v^r - u) < .g(w) - g{u) Vw G U}, 

where f/ is a sufficiently small neighbourhood of u in W . Since {u'}^™ = m{u}^, 
formula (P5|) yields 

deg^„(Z) = ^ • deg^(^) • vol({u}9) • m^'^+^ . (36) 

Let F be the fundamental domain of the lattice As in W. For m 3> 0, the number of 
^As-translates of contained in (resp. intersecting dQ) is m''vol(r2)/vol(F) -I- 
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C»(m'-i) (resp. O(to'^^I)). By ^ and we deduce 

K^) = § • deg^(^) • E vol({u}^) . ^ffly, (37) 

where u ranges over all vertices of & modulo A5. The set {{u}^ | u vertex of ^} is 
invariant under Ag-translation. By [McMj . Theorem 3.1, this set is a A;5-periodic 
tiling of W which means that R'' is covered by these r-dimensional polytopes and 
they meet face-to- face. Together with ([57)) . this proves Since is ample on 

3§, we have degj^(S') 7^ if and only if A5 is non-degenerate with respect to /. By 
step 2, we get also the claim about the support. □ 

Remark 6.11 By the projection formula (b) in Proposition l3.8l Theorem lG. 71 gives 
also an explicit description for the canonical measure 

ci(i|x)^'^ = /*(ci(,ri)^'^) 

on X. We conclude that the support of such a canonical measure is equal to the 
union of all /(A5), where A5 ranges over all canonical simplices of S{,S^') which 
are non-degenerate with respect to /. Note that this set is independent of the choice 
of L. We call it the canonical subset of X'^". 

The referee has suggested that the canonical subset is a piecewise linear space. 
We refer to [BerSj . chapter 1, for the definition of a piecewise _Rz+ -piecewise linear 
spaces for R := QCi (0, 1]. We will always skip R^^ for briefity. 

Theorem 6.12 The canonical subset of X'^'^ has a unique structure as a piecewise 
linear space T such that for any semistable alteration </3o '■ 3^' —> ■^o in \6.S\ 
with generic fibre f : X' ^ A'^" , the restriction of f to the union of all canonical 
simplices which are non- degenerate with respect to f induces a piecewise linear map 
to T with finite fibres. 

Proof: Let be the closure of X in a Mumford model £/q of A over K° associated 
to the rational polytopal decomposition of R"/A. By a result of de Jong, there 
is a finite group G acting on a strongly non-degenerate pluristable formal scheme 
^ over K° with the following properties (see |Ber4j . Lemma 9.2): 

(a) We endow ^Sfo with the trivial G-action. Then there is a dominant G-equivariant 
morphism 7 ; ^ 

(b) The generic fibre y of is the analytic space associated to an irreducible 
smooth projective variety over K. 

(c) The generic fibre g : Y A"**" of 7 is a generically finite proper morphism. 

(d) The fixed field K{Y)'~^ is a purely inseparable extension of the field of rational 
functions K(A"). 

Now we choose a semistable alteration 77 : '3^ with generic fibre h : X' ^ 

Y . Then ipo := 7 o r/ plays the role of the semistable alteration in 16. 21 and f :~ g oh 
is its generic fibre. 

Let As be a canonical simplex of S{^') which is non-degenerate with respect 
to /. Since f^g o Val = val o g o /i, it is clear that h is one-to-one on Ag. We claim 
that h{As) is contained in the skeleton S{'3^) of ?V. 

By continuity, it is enough to prove that h{u') g S{'3^) for every u' G relint(As) 
with rational coordinates. We choose a rational polytopal decomposition ^1 of 
K" /A with associated Mumford model s^i such that u' is a vertex of the subdivision 
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^ :— {Aji n /aff (o") I R e str(^'),CT G ^1} satisfying the transversality condition 
(|26p and such that g := /sf o /^g is a strictly convex polyhedral function in u' for a 
symmetric ample line bundle L on A with a formal K°-model ^ on jz/i associated 
to a piecewise affine function fc^ as in Proposition 14.101 This is much easier to 
construct than the simultaneous transversality conditions in Lemma 16.51 and does 
not require a base change. 

Let £/{ be the Mumford model associated to "^q n ^1 . We get a commutative 
diagram of admissible formal schemes over K° with reduced special fibres 

^" ^1 

[n |h (38) 

jr"' — ^ ^ — ^ £/o 

by assuming that the rectangles are cartesian on the level of formal analytic varieties. 
The vertical maps and V'l are the identity on the generic fibre. 

By Corollarv l5.9l there is a unique irreducible component Z of with u' = ^z- 
Since the assumptions of 15. 171 are satisfied, Proposition 15. 181 vields 

deg^(Z) = ^.deg^(5).vol({u'n. 

Since Jff is ample (see I4.3P and A5 is non-degenerate with respect to /, we have 
degj^(S') > 0. By strict convexity of g in u', we get also vol({u'}f) > and 
hence deg^{Z) > 0. By projection formula, we have deg^{Z) = deg^{l3^{Z)) 
for P := ipi o o rji. Note that dim(/3(Z)) — dim(Z) = d is necessary for the 
positivity of the degree. Now ((38)) yields that 771 (2') is also d-dimensional. Since 

Y is d-dimensional, we conclude that tji{Z) is an irreducible component W oi iVi 
and hence h{S^z) = ^w- By the generalization of Corollarv l5.9f g) to (see Lemma 
16.131 below), we know that is a vertex of a subdivision &i of S{?V) and hence 
/i(u') =^w e 5'(^) proving h{As) C S'(^). 

By Remark [6.11l and the above, h maps the support of fi :— ci{f*L ) into S{3^). 
By [Ber5| . Corollary 6.1.3, h restricts to a piecewise linear map from the piecewise 
linear subspace supp(/i) to S{'3^). Moreover, the skeleton S{?^) is invariant under 
G and the G-transformations induce piecewise linear automorphisms of the skeleton 
( [BctS] , Corollary 6.1.2). 

There is a Zariski dense open subset U of X^'^ such that g : V ^ U is finite for 

V := g~^{U) (see (c)). By [Ber4] . Corollary 8.6, the quotient V/G exists. By [Ber4] . 
Corollary 8.4, we have S{^) C V. We note that the compact subset S{'3^)/G of 
V/G has a canonical structure as a piecewise linear space. Indeed, the skeleton S{'3^) 
is a piecewise linear space because it is the geometric realization of a polysimplicial 
set D (see |Ber5| . Theorem 5.1.1). As S{'3^)/G is the geometric realization of the 
polysimplicial set D/G, we deduce that S{^)/G is also a piecewise linear space 
(see Bcr S , Proposition 3.5.3). We conclude that ft,(supp(/j,)) is a piecewise linear 
subspace of S{'3^) which maps onto a piecewise linear subspace of S{^V)/G. By 
shrinking U and using (d), we may assume that the canonical morphism V/G —>■ U 
is radicial. In particular, it is a homeomorphism of the underlying topological spaces 
(see [Ber6] . Remark 2.2.2). As a consequence, we get a piecewise linear structure 
on /(supp(/x)) — g{h{supp{fi))). By Remark 16.111 this is the canonical subset T of 

The domains of linearity for the piecewise linear map / : supp(/i) — > T are 
subsets of the canonical simpliccs of S{^') which are non-degenerate with respect 
to /. By Proposition 15.51 they induce a finer formal analytic structure on X' and 
we may apply de Jong's alteration theorem also to the associated formal scheme 
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over K°. Replacing the alteration rj by the composition of the two alterations, we 
may assume that the domains of linearity are really equal to the canonical simplices 
of S{2^') which are non-degenerate with respect to /. Then a linear atlas of T is 
given by the charts /(A5), where A5 ranges over all such canonical simplices, and 
/ is a linear isomorphism from onto /(A5). 

Let us consider now any semistable alteration Lp'^ : £/q as in 16.21 with 

generic fibre f : Z' ^ A^". Then there is a semistable alteration which factors 
through ipo and ipQ. Using the above atlas, it follows easily that /' induces a 
piecewise linear map S{^') — > T. Uniqueness is obvious. □ 

We sketch now how the results of the first part of Section 5 generalize to the 
strongly non-degenerate pluristable formal scheme '3^ from the above proof. By 
definition, there is a strongly non-degenerate strictly pluristable formal scheme '3^' 
and a surjective etale morphism p : 'W . By |Ber5) . Theorem 5.1.1, the 

skeleton S'(^) has a piecewise linear structure which is a cokern of the piecewise 
linear structure on described in Remark l5.19l and in the appendix. Moreover, 

there is "polytopal" subdivision of S'(^^) given by canonical "plurisimplices" A5 
which are in bijective correspondence to the strata S of 'W . We use quotation 
marks because A5 is only a quotient of a canonical plurisimplex A5/ of S'(^^') for 
any stratum S" with p(S") C S. To construct Ag, we have to identify closed faces 
Ap and Aq in the boundary of A5/ if and only if the strata P and Q map into the 
same stratum of '3/ . By [BerSj . there are well defined proper strong deformation 
retractions Val : y ^ S{&) and Val' : Y' -> S{^'), where Y and Y' are the generic 
fibres of ^ and 

Lemma 6.13 There is a unique map g^fj : S{'3^) M"/A with 1)^^ o Val — val o g 
on Y. We get a "polytopal" subdivision &i := {As (^g'sio") \ S G str(#),CT e ^} 
of S{'3^) defining a formal analytic structure 2)i on Y as in Provosition 15.51 with 
2}i = Moreover, Proposition \^ and Corollary \53(a),(b),(e),(f),(g) hold 

/or 2)i (instead of X" ) . 

Proof: By Remark l5.19[ the lemma holds for the strictly pluristable "3^' . The idea 
is now to use the etale covering p : — > ^ to deduce the claim for 'W . It is 
necessary to define g^ff '■— val o Using surjective ( |Ber3[ . Lemma 2.2) and 

o Val' — Val o p*^" , it is easy to prove o Val = val o g from the corresponding 
property for g'^^ : S{^') R"/A. 

In Appendix A, we have studied building blocks for strongly non-degenerate 
strictly pluristable formal schemes over K°. We define a building block for as a 
formal affine open subscheme of such that a building block of exists 
with p{'^') = ■ Since an etale map is open, the building blocks cover '3^. By 
definition, has a smallest stratum S' and hence has the smallest stratum 
S :— p{S'). We set U := 'W^'^. If varies over all building blocks and A over 
^1, then U n Var^(A) is a formal affinoid atlas for Y . Here, we use that the 
"polytopal subdivision" &i is induced by the valuation of units, i.e. A is given by 
inequalities v{hra) -I- m • u > induced by the units (7*(6inX™) on U coming from 
the inequalities of a corresponding polytope of ^1 . It follows now analogous to the 
proofs of Proposition 15.51 and 15.131 that the formal affinoid atlas induces a formal 
analytic variety 2)i isomorphic to 

A similar construction applies to '3^' leading to an admissible formal scheme '3^{ 
over K° with reduced special fibre. Since p is etale and surjective, the natural base 
change pi of p to is etale and surjective. We deduce from 12.61 that pi is the 
canonical map — *■ 

Let R' be a stratum of '3^(. By |Ber4j . Lemma 2.2, pi{R') is an open dense set 
of a stratum of ^^i. Using the claim for we know that R' = 7r((Val')^^(r')) for 
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a unique open face r' of Note that p**" maps r' isomorphically onto an open 
face T of ^1 and pi{R') C 7r(Var\r)). 

If T varies over all open faces of , then the definition of 2) i = ^^f-^n yjgj^jg ^j-^g^^ 

7r(VaP^(r)) is a partition of 2)i = The surjectivity of pi and a partition argu- 
ment show that R := 7r(Val~^(r)) is a strata subset equal to IJ pi(7r((Val')~^(T'))), 
where r' ranges over all open faces of with p™(t') = r. 

We claim that i? is a stratum of By localizing, we may assume that and 
are building blocks and that r C relint(As) for the canonical "plurisimplex" A5 — 
S{W). Since p**" maps the interior of the plurisimplex A5/ = S{^V) isomorphically 
onto rehnt(As), there is a unique open face r' of with p™(t') = r. We conclude 
that R = pi(7r((Val')-H^'))) e str(#i). 

The remaining claims are easily deduced from the corresponding claims for 
using that pi is etale and surjective. □ 



7 Proof of the main theorem and examples 

First, we will give the proof of Theorem ll.il Then we will describe the canonical 
measure in two relevant examples. 

Proof of Theorem ll.lt By a finite base change and using linearity in the com- 
ponents, we may assume that X is a d-dimensional geometrically integral closed 
subvariety of the abelian variety A. The argument will be based on the descrip- 
tion of canonical measures in the previous section, hence we will use the notation 
from there. By multilinearity, it is enough to consider ample line bundles in (c) 
of Theorem 11.11 We choose a semistable alteration lpq : S^' ^ as in 16.21 
with generic fibre f : X' ^ X**". Then we have the explicit description ((33| of 
fi := ci(/*(Li)) A • • • A ci{f*{Ld)). Since p is supported in S{^'), we get 

(Cl (ITUan ) A • • • A Cl (I^Uan )) = deg(/) • (/.ff ) ^ (fi) (39) 

by Propositions l3.8l and l5.lll More precisely. Remark l6 . 81 shows that p, is supported 
in the union of the canonical simplices As which are non-degenerate with respect 
to /. Since 

d - dim(As) = dim(S') = dim (^qo o $0(5")) < dim( J) 6, 

we get dim(/jjff (A5) — dim(A5) > d — b. By Theorem 14.151 the tropical variety 
va\{X^^) is a finite union of rational polytopes of dimension at most d and at least 
d — min{&, d}}. Hence we may list the simplices f^g{As) as in (a), where A5 ranges 
over the canonical simplices which are non-degenerate with respect to /. Then (c) 
and (d) follow from and Finally, (b) follows from the next lemma. □ 

Lemma 7.1 In the above notation, let us consider u G val(X'*") and let d — e be 
the dimension of the tropical variety val(X''") in a neighbourhood ofu. Then there 
is a [d — e)- dimensional canonical simplex A5 of S{Sy') which is non- degenerate 
with respect to f such that u G f ^^{As). 

Proof: By Proposition 15.111 and the surjectivity of / and val, it is clear that the 
simplices f^glAx), T e str(^'), cover val(X™). Since f^g is locally an afhne map 
defined over Q, we may assume that u is an element of va^X**") with coordinates 
in Q. Moreover, by density of the Q-rational points in val{X^''^), we may assume 
that u is not contained in any /^^fj (At) of dimension < d ~ e. We have to prove 
that there is a (d — e)-dimensional canonical simplex A5 with u G /g^g (A5) and 



dim (go ° ^o(S') ) = e. 



(40) 
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which yields that A5 is non-degenerate with respect to /. We choose a rational 
simplex A in R"/A of codimension d — e such that u £ relint(A) and 

An^(X^") = {u}. (41) 

We extend A to a rational polytopal subdivision 'rfi of R"/A (which is not assumed 
to have the properties of Lemma 16. 5|) . We denote the associated Mumford model 
of A by 

Let := ^oH^i be the minimal polytopal decomposition of M"/A containing 'j^q 
and '^i. Let £/ be the Mumford model of A associated to and let cf) : X" ^ 
be the morphism obtained from ip^ by base change as in Propositions 15.131 and 
15.141 Since is a polytopal subdivison of "^i , we get a canonical formal analytic 
morphism 4>i : X" Passing to the associated admissible formal schemes 

over K°, this induces a morphism ipi : X" si\ f see 12.61) . 

Note that U := val (A) is a formal open subset of By (glD, we get 

^an n [/ ^ 0. Let J"i be the closure of X""^ in Then the special fibre JT^ has an 
irreducible component Y with F n (7 ^ 0. We use here that the reduction of jz//"™ 
is equal to the special fibre of (see 12.61) . Since (p\ maps X" onto there 
is an irreducible component Y^i of 3^" mapping onto Y . As the notation already 
indicates, Yu' is the irreducible component associated to a vertex u' of the rational 
subdivision ^ = {As n 7;^^^^) | 5* e str(^'), ^ G ^} of S^X') (see Corollary 
15. 9p . More precisely, u' — Val(^) for the unique point ^ of X' which reduces to the 
generic point of this irreducible component Yu'- From (^i(Yu') = we deduce that 
the reduction of /(^) to the special fibre is equal to the generic point of Y . We 
conclude that /(^) £ U and hence j ^^(W) = val(/(^)) G A by Proposition 15.111 and 
by the definition of V. Since /(^ G AT'^", we get 7aff(u') = u from gl]). 

Let 5* be the unique stratum of the chosen strictly semistable K°-model S^' of 
X' with u' e relint(As). We note first that u = /a^fj(u') G j ^^{^s)- As we have 
remarked at the end of l5.171 the fact that relint(A5) contains a vertex of ^ implies 
that dim(/j^fj(A5')) = dim(A5). From the non-degeneracy assumption on u, we 
deduce that dim(A5) — d — e and hence S is an e-dimensional stratum. 

It remains to prove (|40|l . By Corollarv l5.9l the canonical morphism S^" — > 
maps Yu' onto S. By Lemma [5.15[ we have lifts : S ^ Sq and $ : Y^i S oi(pQ 
and <p, where and S are the K°-models of the uniformization E oi A associated 
to the polytopal decompositions ^0 and ^. Using that is a polytopal subdivision 
of ^1, the map $ induces a canonical morphism $1 : Y^' — * A which is a lift of the 
restriction of Cp\ to Y^i . This lift may be also constructed by the fact that S\ and 

= SxjM are locally isomorphic. Since (^i(Yu') = Y, Proposition I4.8r d) yields 
that Y' := $i(Yu') is isomorphic to Y. Lemma [5.151 and an easy diagram chase 
involving the canonical morphisms : Si ^ \.o the formal abelian scheme of 
the Raynaud extension show 

go ° *o(^) = g o |.(YuO = 91 o I>i(yu0- 

We conclude that the dimension of 

gool>o(:S) = gi(Y') (42) 

is at most e-dimensional. To show equality, we consider a basic formal affinoid 
subdomain L/^.A = x C/a from the construction of §l~'^^ (see 14.71) . Here, V is 
the generic fibre of a formal affine open subset of which trivializes the Raynaud 
extension ([3]) of A and A is a simplex in M" lifting the simplex A considered at the 
beginning of the proof. We may choose V such that C/y_A n Y' ^ 0. Recall that 
C/a is the polytopal subdomain val~^(A) of (GJJ^)^'^. By the choice of V ^ we have 
t/v,A = 1/ X [/a. 
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We claim that the second projection p2 maps the generic point of Y' into the 
torus orbit Z of Ua corresponding to relint(A). RecaU from [Gu4j . Proposition 4.4, 
that Z = 7r(val~"'^(A)), where n is the reduction map. We have seen above that 
/(^) reduces to the generic point of Y and that val(/(^)) = u. Let ^' be the unique 
hft of /(^) to E whose reduction 7r(^') is the generic point of Y' . We conclude that 
val(p2(^')) — val(^') is the unique point u G relint(A) which lifts u. Therefore we 
have tt{p2{0) £ Z. Since 7r(p2(C')) = P2{'n' {£.')), we get the above claim. Since Z is 
the closed orbit of Ua, we conclude that P2{Y') C Z. 

By jGu4| . Proposition 4.4, the dimension of the torus orbit Z is codim(A) — 
d — e. The above claim shows that Y' n Uv,A is contained in the closed subset 
{qi{Y') C\V) X Z oi Uv,a = V x Ua- Since Y' is d-dimensional and the product 
is at most d-dimensional, we get Y' = {qiiY') r)V)xZ. Moreover, we deduce 
dim(gi(r')) = e. By (O, we get (gOl) and the lemma. □ 

Remark to the proof of Lemma l7.lt The argument shows that the irreducible 
component Y' of (#l is a fibre bundle over qi {Y') with fibre isomorphic to the toric 
variety Ya associated to star(A) = {tr € | A C a} (see |Gu4] . Remark 4.8). 
Indeed, the choice of y as a trivialization yields that ^(V) = F x where 3f is 
the formal K°-model of (GJJj)™ associated to the polytopal decomposition ^i. Now 
the proof of the lemma shows that Y' n qi^{V) = {qi{Y') CiV) x Ya proving the 
claim. 

Example 7.2 Let us consider the special case X ~ A in Theorem 16.71 For every 
u G K"/A, there is a canonical point G A^'^ which we describe as follows: Let V 
be the generic fibre of a non-empty formal affine open subset of the abelian scheme 
^ which trivializes the Raynaud extension ^ of A. Then J7y,{u} = van^(u) n 
q^^{V) ^ V X C/{u} is an affinoid subdomain of the uniformization E. Using A™ = 
E/M, it is obvious that Uv,{u} is isomorphic to an affinoid subdomain U[v,u] of 
^an_ gy Lemma 14.61 we may write every analytic function h on U[v,u] as a strictly 
convergent Laurent series 

h — ^ ^ ^^m^i ' ' ' ^ 

in the torus coordinates xi, . . . , Xn on the polytopal domain U^^y in {<G"^)'^"-, where 
the flm G &{V) are uniquely determined by h. Then we define G C^[y,u] by 

|^(Cu)l = sup |am|sup • e"™'". 
mGZ" 

It is easy to see that does not depend on the choice of V and the representative 
u. The subset S{A) := {^u | u G R"/A} of A^'^ is called the skeleton of A (see 
[Bia], §6.5). 

By a combinatorial result of Knudson and Mumford ( |KKMSj . Chapter III), 
there is a rational triangulation of M"/^ (even refining any given rational poly- 
topal decomposition) and to<^ G N \ {0} such that for every maximal A G the 
simplex mcg/S. is GL(n, Z)-isomorphic to a Z"-translate of the standard simplex 
{u G K" I ui -I- • • • -I- M„ < 1}. Then the Mumford model £^ oi A associated to ^ is 
strictly semistable. Kiinnemann used this to construct projective strictly semistable 
K°-models for abelian varieties (see jKul j and also the erratum in [Ku2| . 5.8). 
Let A G with u G A. A similar application of Lemma l4.6l as above shows that 
is contained in the affinoid chart U\y A] = V x Ua of A^^ and that |/i(Cii) I > \h{x) 
for all h G ^(C^[y,A]) and all x G f/[v',A] with val(a;) = u. By [Ber4] . Theorem 5.2, 
this maximality implies that is contained in the skeleton S{s^) ois^ . We conclude 
that S{A) = S{s^) and val = Val maps the skeleton homeomorphically onto M"/A. 
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We apply Theorem l6.7l with X' = X = A and — £/. The canonical simplices 
of S{£/J are just the elements of By Proposition 14.81 and its proof, a stratum 
S oi £/ has locally the form 5* n U[v.As] ^ V x Zr for V as above and the open 
face T = relint(A5) with corresponding stratum '■= 7r(val~^(r)) in Uas- Hence 
A5 is a non-degenerate simplex of S(£/) (with respect to f = id) if and only if 
dim(Z7.) = 0. We conclude that the non-degenerate canonical simplices of S{£/) 
are just the n-dimensional simplices of "if. The lattice A;^ in 16.61 does not depend 
on the choice of such a simplex A = A5. By Proposition 13.81 and Theorem 16.71 we 
conclude that ci{L)^'^ is supported in S{A) and corresponds to the unique Haar 
measure v on R"/A with i'{A) = deg^(A). Using multilinearity for non- ample line 
bundles and Remark 16.81 we deduce easily: 

Corollary 7.3 Let Li, . . . , L^i be canonically metrized line bundles on the abelian 
variety A over K of dimension d. Then ci(Li) A • • • A Ci{Ld) is supported in the 
skeleton S{A) and corresponds to the Haar measure on R^/A with total measure 

Example 7.4 We will show that the whole spectrum of values {d — b, . . . ,d — e} 
in Theorem II . II mav occur for a single canonical measure, where d — e denotes the 
dimension of the tropical variety. We assume that K is the function field k{C) 
for an irreducible regular projective curve C over an algebraically closed field k of 
characteristic 0. Let v be the discrete valuation on K defined by the order in a 
given closed point P G C. It is easy to use the construction below to give similar 
examples for other fields. 

We consider a product A = Bi x B2 oi abelian varieties over K, where Bi has 
good reduction at v and where B2 is totally degenerate at As usual, let K be 
a minimal algebraically closed field containing K which is complete with respect 
to a valuation extending v. The analytic considerations will be performed over K. 
Totally degenerate at v means that the Raynaud extension of B2 is an analytic 
torus and hence i?f" = {G'^)^'^/M for a discrete subgroup M with A = val(Af) a 
complete lattice in R". Then E = Bf^ x (GJ^)™ is the Raynaud extension of A and 
we have A'^" ^ E/M. 

By assumption, Bi is the generic fibre of an abelian scheme Bi over the discrete 
valuation ring K° . The associated admissible formal scheme ^1 :— Bi over K° 
fsee 12.71) ) is just the formal abelian scheme ^ over IK° in the Raynaud extension 
([3]) for A. To get a Mumford model ^2 for Sf", we will use a similar polytopal 
decomposition of M"/A as in Example 17.21 There is a rational triangulation 
of K"/A such that the strictly semistable K°-model ^2 is projective f ^Kulj . §3, 
§4) . Kiinnemann's proofs show that ^ can be chosen as a refinement of any given 
rational polytopal decomposition of R"/A (see also |Ku2l . 5.5). We get a strictly 
semistable formal K°-model £/ := x £§2 of A™. 

By Kiinnemann's construction, J^2 is defined algebraically over the valuation 
ring F° of a finite extension F of the completion K^, i.e. we have a strictly 
semistable algebraic i^°-model B2 of B2 with associated admissible formal scheme 
^2 = B2- We choose ample line bundles jCi on Bi and £2 on B2- Then £ :— 
PiiCi) (l^ pI{C2) is an ample fine bundle on A := Bi Xk° S2. By passing to 
a suitable tensor power of £, we may assume that C is very ample and that 
H^{A,C) H^{A,C) is surjective for the reduction £ of £ to the special fibre 
A. 

Let b dim(_Bi) and let us fix m e {0, . . . ,min(6,n)}. Let us choose generic 
global sections si, . . . ,Sm G H'^iA, C). By assumption, they are the reductions of 
global sections si, . . . , Sm oi C. The generic choice of the sections leads to a closed 
subscheme 

X -.^ div(si) n • • ■ n div(sm) 
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of codimension m in A which is flat over F° . By Bertini's theorem, the generic fibre 
X of A" is an irreducible smooth variety over F of dimension d :— b+n—m. The same 
argument shows that the irreducible components Yi of the special fibre X are Cartier 
divisiors and riie/Ki is a smooth variety over F of pure dimension dim(X) — |/| + 1 
for any non-empty subset /. By a criterion of Hartl and Liitkebohmert f [HLj . 
Proposition 1.3), X is strictly semistable. Since m < b, the fibre of X over any 
point of B2 is non-empty and hence 

^(X^") = R'VA. 

We conclude that the excess e of the tropical variety val(X^") is given by 

e := dim{X) - dim(^(X^")) = b - m. 

Now we switch from the algebraic point of view to the analytic and formal category. 
Then X has an associated admissible formal scheme ^ := X over K° which is a 
strictly semistable formal K°-model of X™ and a closed formal subscheme of the 
Mumford model ^ = ^1 x ^2 of yl*"". Let ^,£^^,^2 be the formal line bundles 
on ^1 , ^2 induced by £, £1 , £2 • 

If 5* e str(^), then S = SS\ x S2 for S2 G str(^2) corresponding to an open 
face T := relint(A) for a unique A G (see Proposition 14. 8p . We note that 

dim(5') = codim(A, M") + 6 > 6 > m. 

We consider first the case dim(S') > m. Using the generic choice of si, . . . , Sm again, 
Bertini's theorem yields that 

S' := div(si) n • • • n div(s,„) n S (43) 

is a stratum of with dim(S") — dim(S') — m. If dim(S') = m — b, then S' is 
a strata subset of ^ consisting of deg^^(^i) = deg^^(i3i) points. Therefore the 
skeleton S{^) may be identified with the triangulation by using the map Val 
except in the case m = b where we have to count the n-dimensional simplices of ^ 
with multiphcity deg^^(i?i). By construction, S' is non-degenerate (with respect 
to / = id in the sense of I6.3P if and only if dim (6*2) < m. If we endow the generic 
fibre L ol C with a canonical metric, then Theorem 16 . 71 shows that 

i.:=^4ci(LU)'^'^)=X]^A-% (44) 

A 

where A ranges over all simplices of with dim(A) >n — m = d — b and where 
A^" > 0. Similarly as in Example 17.21 we deduce that the contribution of the n- 
dimensional simplices of to v is equal to a strictly positive Haar measure Vn on 
IR"/A. Note however that for to > 0, we have 

j.„(M7A) < ^.(IR'VA) = deg^iX). 

Finally, we show that the multiplicities X-^ are given completely in terms of 
convex geometry. The simplex A G of dimension r > n ~ m corresponds to a 
stratum 5" of as above. Let mA £ and ca G Q such that f^{u) = mia -u-I-ca 
for all u G A. Then the dual polytope A^ of A with respect to g :— is given by 
the face 

A9 := {u}9 n (niA + A-L) 

of the dual polytope {u}^ of the vertex u of A fsee l5.17() . where A-^ is the orthogonal 
complement of A in R" (see |Gu4j . Appendix A). Let La be the linear space such 
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that u + La is the affine space spanned by A and let Aa := An La be the complete 
lattice in La induced by A. 

Recall that rri'^ is the natural number such that a suitable translate of m^g-cr is 
GL(n, Z)-isomorphic to the standard simplex {u e M" | ui + • ■ • + u„ < 1} for every 
tj G Let voIa be the Haar measure on La such that vo1a(A — u) = l/(r!m<g'). 
On L^, we will use the dual measure also denoted by voIa- These are the volumes 
from Theorem 16.71 On the other hand, we have the relative Lebesgue measure on 
La C M" which is used for the Dirac measure S-^ and which we denote now by 
volRn. Formula ((5^ in Theorem 16 . 71 yields 

- 73 ITT fiegj^^ j 



[d-ry. "^1' ' voIr.(Aa) ■ 

Here, we have used the complete lattice (Aa)^ ■— {b{-,X) \ A £ Aa} in (La)* 
defined by the bilinear form b associated to L (see 14. 3p . By using (|43ll , we get 

dim(5') ^d-r, deg^^ (^) - f "M • deg^^ ( Ji) • deg^^ (^). 

\n — r J 

By the theory of toric varieties, the degree of the toric variety S2 with respect to 
^2 is given in terms of vol(A3). As in formula (36) in |Gu4] . we get 

deg^^ (^) = (n - r)! • voIk^ (A^) • voIr,. (Z" n A^)'^ 

and hence deg^^{^i) — deg^^(i?i) yields 

_ d!-m!-volR.(Ag)-volA((AA)^)-deg^^(gi) 
^ {d-ry.-{m + r- n)! • vo1r-.(Z" n A-^) ■ voIr-(Aa) ' 



A Building blocks 

Let K be an algebraically closed field with a non-trivial non-archimedean complete 
absolute value | | and valuation v := — log | |. In the appendix, we will study 
building blocks of strongly non-degenerate strictly pluristable formal schemes of 
length I G N over the valuation ring K°. 

A.l Such a building block '^i is recursively defined by := Spf(K°) and the 
following conditions: 

(a) '^i is an affine formal scheme over W with generic fibre TJi. 

(b) There is an etale morphism -0; : ^ '^/_i(n'^'\ a*^')) over K° for a building 
block of length / - 1 and n(') e (N \ {0})?" , a(') G e{%-Yf' . 

(c) The entries of a*^') — (af\ . . . , a^]) are units in 6{Ui^\). 

(d) The special fibre has a smallest stratum which maps into the smallest 
stratum of <#;_i (n('\ a^')). 

Let '3 — Spf(K°(a;)) be the formal unit disk. For A; = 1, . . . , ^, we recall that 
^a^^^) is the closed formal subscheme of 

X ^"i'^+i X •■• X ^"^1'+^ 
given by the following equations: 

(^=1, ■•■,?.) (45) 
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Recursively, we know that "^i-i has a smallest stratum. It follows from |Ber4) . 
Lemma 2.3, that ^/_i(n('\ a*^'-') has a smallest stratum and hence (d) makes sense. 
By [B er4i . Lemma 2.2, the smallest stratum of maps onto an open dense subset 
of the smallest stratum of '^;_i(n('\ a*^'^). By [Ber4j . Lemma 2.10, we have an 
isomorphism from str('^;_i(n('\ a^'^)) onto str('^i) given by taking preimages with 
respect to "0; • It is easy to see that every strongly non-degenerate strictly pluristable 
formal scheme is covered by open building blocks. 

For i = and j = 0, . . . , nf \ let = -^Hxij) and let be the 

resulting vector. Recursively, we define z = (z^^^ , • • • , z^'-*), where we use the natural 
pull-backs of the coordinates x = (x^^^ . . . ,x(')) from the definition of the building 
blocks "Wi, . . . ,'^1 to 'Wi. It will be convenient to skip all entries with index j = 0, 
i.e. let 

X fx'"'^) 

V '-^ / fc=l,...,i;l=l,...,pfc;i=l,...,n^*' 

Similarly, we define n = ■ ■ ■ , n*^'^) and fi ~ {n^^\ ■ ■ ■ , n*^')). We set 

Ya\ -.Ui — >RI"I, p^p{x) 

and A; :— Val(J7;). By |Ber5j . Sections 4 and 5, the map Val restricts to a home- 
omorphisni from the skeleton S{'^i) onto A;. It gives S{'^i) a canonical piece- 
wise linear structure and induces a canonical proper strong deformation retraction 
Ui ^ Si%). 

These constructions can be globalized for any strongly non-degenerate strictly 
pluristable formal scheme ^ over IfC°. We will show in the next proposition that 
the building blocks induce the linear pieces of the skeleton S{^). 

Proposition A. 2 Let he a strongly non- degenerate strictly pluristable building 
block of length I with generic fibre Ui and let A; :— val{Ui) C M'"' as above. Then 
the following properties hold: 

(a) A; is a polytope in M'"' defining a polytopal domain Uai '■— val^^(A;) in 
(g!^!)-'^ and ^A, U'^^'^'' (see\T;§ . 

(h) The pull-backs z of the coordinates x define an Stale morphism '^i — s- '^Aj • 

(c) There is a bijective order reversing correspondence between strata S of '^i and 
open faces r of Ai. It is given by 

T ^V'aI{tt-\T)), S ^TT{Yar\T)), 

where ir : —>^ '^i is the reduction map and T is any non-empty subset of S . 
We have dim(T) — codim(5, '^i). 

(d) Let Y be an irreducible component of'^i. Then there is a unique S Ui with 
tt{^y) dense in Y . Moreover, we have £ Sif&i) and Val(^y) is the vertex 
of Ai corresponding to the dense open stratum of Y by (c). 

(e) If f e ff{UiY, then there is \ e K^, fi G ffi'^iY and m G Zl"l with 
f = A/iz™. There is a unique affine function F on A; with v o f = F o Val. 

Proof: The proof is by induction on I. u = {u^^\ . . . , u^'^) be the coordinates on 
= RI"* 'I X • • • xRI"* 'I. By induction hypothesis, af^^ induces an affine function 
^ ylW(u(i), . . . ,u('=-i)) on the polytope Afc_i = Yal{Uk-i) in x ■ • • x 
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R^f" for fc = 2, . . . , L Since ^ G ^(^fe-i), the values of are in [0, 1]. It 
follows from that A; is given as a subset of m'^' by 

+ <^f^ = = (46) 

proving (a). By induction again, we have af'' = XiHif™'' , where Xi G K^, G 
and y is the pull-back of the coordinates ■ . . ,x('~^)) to "^i^i. For 

bf^ ■= A,y™' and cf^ := A,i™', we get '%;_ i(n(') ,a(')) = '^;_i(n('), b^)) and 
'^A, = '^Ai„i(n'^'\c(')). For the latter, we use [Ber4j . Proposition 1.4. Therefore 
the canonical diagram 

^i_i(n«,a«) > ^A, 

'^i-i > ^A,_i 

is cartesian. The bottom line is given by y and the induction hypothesis yields that 
this map is etale. We conclude that the upper line is etale proving (b). 

Note that (c) holds for any polytopal domain (see |Gu4j . Proposition 4.4). It 
follows from |Ber4j . Section 2, that 

str('^i_i(n('\a('))) —> str(#,), 5" ^ 

is a bijective order preserving map. This proves easily (c). 

By jBer4] . Proposition 1.4, we have ff{Ui)° = and hence we may apply 

the theory of formal afhnoid varieties to deduce the existence and uniqueness of 
(see Section 2). Since Val maps S{'^i) bijectively onto A;, there is f G S{'^i) with 
Val(^) equal to the vertex Val(^y) of A; given by the correspondence in (c). By the 
first paragraph on p. 332 of [Ber5| . 7r(^) is dense in Y and hence ^ = proving 

(d)- , . . . 

Let P be a K-rational point in the smallest stratum of "^i . By [Gu4j , ij) induces 

an isomorphism 7r~^(P) Tr~^(^(P)) between formal fibres. This allows us to 

apply results for polytopal domains to the formal fibre 7r~^(P). By Lemma 221 we 

have a convergent Laurent expansion 

on 7r^^(P) and there is a dominant term t :— a^z'^ in the expansion, i.e. 

\t{x)\ > \a^i"'ix)\ 

for all X G n^^{P) and m G Z'"' \ {v}. Let Y be an irreducible component of 
'^i. Applying (c) with T — {P}, we deduce that there is a sequence a;„ G n^^{P) 
with Val(a;„) G relint(A;) converging to the vertex Val(^y) of A;. By compactness 
of Ui, we may assume that Xn converges to some x G Ui. By continuity, we have 
Val(x) = Val(^Y) and hence (c) again shows that 7r(x) is not contained in any other 
irreducible component than Y. It is a basic fact for units in an affinoid algebra that 
this implies |/(a;)| = \,f{£,Y)\ (see jGu3j . Proposition 7.6). We conclude that 

\f{^Y)\ = \fix)\ = lim \f{xn)\ = lim |i(x„)| = \t{x)\ = |i(ey)|. 



If Y ranges over all irreducible components of '^i , then the points form the Shilov 
boundary of Ui (see jBerlj . Proposition 2.4.4). We conclude that /i := ft^^ is a 
unit in 0'{Ui)° = proving (e). □ 
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Remark A. 3 By (|46l) . the coordinate ulj is identically zero on A; if and only if 

a^*^) G ff{'^k-i)^- The corresponding z^^^^ is a formal unit on We deduce easily 
from Proposition I A. 2r e) that 

where the indices of the basis range over l<k<l,l<i<pk withaf^ ^ 
and 1 < j < n[''K 
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